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Analysis of Sandwich Beams
With a Compliant Core and With
In-Plane Rigidity—Extended
High-Order Sandwich Panel
Theory Versus Elasticity
A new one-dimensional high-order theory for orthotropic elastic sandwich beams is for-
mulated. This new theory is an extension of the high-order sandwich panel theory
(HSAPT) and includes the in-plane rigidity of the core. In this theory, in which the com-
pressibility of the soft core in the transverse direction is also considered, the displace-
ment field of the core has the same functional structure as in the high-order sandwich
panel theory. Hence, the transverse displacement in the core is of second order in the
transverse coordinate and the in-plane displacements are of third order in the transverse
coordinate. The novelty of this theory is that it allows for three generalized coordinates
in the core (the axial and transverse displacements at the centroid of the core and the
rotation at the centroid of the core) instead of just one (midpoint transverse displace-
ment) commonly adopted in other available theories. It is proven, by comparison to the
elasticity solution, that this approach results in superior accuracy, especially for the
cases of stiffer cores, for which cases the other available sandwich computational models
cannot predict correctly the stress fields involved. Thus, this theory, referred to as the
“extended high-order sandwich panel theory” (EHSAPT), can be used with any combina-
tions of core and face sheets and not only the very “soft” cores that the other theories
demand. The theory is derived so that all core=face sheet displacement continuity condi-
tions are fulfilled. The governing equations as well as the boundary conditions are
derived via a variational principle. The solution procedure is outlined and numerical
results for the simply supported case of transverse distributed loading are produced for
several typical sandwich configurations. These results are compared with the correspond-
ing ones from the elasticity solution. Furthermore, the results using the classical sand-
wich model without shear, the first-order shear, and the earlier HSAPT are also
presented for completeness. The comparison among these numerical results shows that
the solution from the current theory is very close to that of the elasticity in terms of both
the displacements and stress or strains, especially the shear stress distributions in the
core for a wide range of cores. Finally, it should be noted that the theory is formulated
for sandwich panels with a generally asymmetric geometric layout.
[DOI: 10.1115/1.4005550]

Introduction

Typical sandwich panels consist of two stiff metallic or com-
posite thin face sheets separated by a soft=stiff honeycomb or
foam thick core of low=high density. This configuration gives the
sandwich material system high stiffness and strength with little re-
sultant weight penalty and high-energy absorption capability
related to the application of sandwich structures in the construc-
tion of aerospace vehicles, naval vehicles, wind turbines, and civil
infrastructure. Most of the studies in sandwich panels neglect the
transverse deformation of the core as mentioned in a few text-
books [1–3]. The core of a sandwich structure is considered as
infinitely rigid in the thickness direction and only its shear stresses
are taken into account while the in-plane stresses are neglected as
a result of its low rigidity in this direction relative to that of the
face sheets. This assumption may be adequate in the analysis of
sandwich structural response to a static loading or even to a
dynamic loading of long-duration or for cores made of a high-

strength metallic honeycomb or similar. However, recent studies
[4] have shown significant core transverse deformation=strain in a
sandwich structure subject to impulsive loading or localized loads
or in the vicinity of abrupt changes in the layout of a sandwich
panel. Consideration of the core compressibility implies that the
displacements of the upper and lower face sheets may not be iden-
tical. Another important issue is the accurate representation of the
core shear, which is a key component in sandwich analyses, since
cores are typically of very low modulus and thus transverse shear
has a significant influence on the structural behavior.

The earliest models of sandwich analysis are the classical or
first-order shear models which assume that the core is infinitely
rigid (incompressible) in its transverse direction, its in-plane rigid-
ity is neglected, and it has only shear resistance. In general, they
are based on the Euler–Bernoulli and Timoshenko beam theories
with modulus-weighted stiffnesses. Though these models are sim-
ple, their application is most acceptable when the sandwich core
is stiff vertically and statically loaded. In general, in modern sand-
wich panels with cores of foam type, the core is flexible in all
directions. Hence the assumption of a stiff core in the vertical
direction is violated but the assumption of negligible in-plane
stresses is still valid due to its low in-plane rigidity with respect to
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that of the face sheets. Three fairly recent computational models
[5–7] consider transverse compressibility in the core. In particular,
Frostig et al. [5] proposed a theory for sandwich panels in which
the resulting shear strain in the core is constant and the resulting
transverse normal strain in the core is linear in z as a result of the
assumption that the in-plane rigidity of the core is negligible.
Hohe et al. [6] developed a model for sandwich plates in which
the transverse normal strain is constant along the transverse coor-
dinate, z, and the shearing strains are first order in z. Li and Kardo-
mateas [7] explored a higher order theory for plates in which the
transverse normal strain in the core is of third order in z, and the
shear strains in the core are of fourth order in z. Under some cir-
cumstances, such as improvement of impact rigidity of the sand-
wich panel or introduction of in-plane loads into the core, the
effect of the in-plane rigidity of the core should be considered, see
the work of Frostig [8] that suggested a computational model that
takes into account the in-plane rigidity of the core for sandwich
panels for stretchable electronic applications.

The accuracy of any of these models can be readily assessed if
an elasticity solution exists. Indeed, Pagano [9] presented the
three-dimensional elasticity solution for a laminated or sandwich
beam for the case of a positive discriminant of the quadratic char-
acteristic equation, which is formed from the orthotropic material
constants, and only when these two real roots are positive. The
isotropic case, in which there are two equal real roots, was also
outlined. Recently, Kardomateas and Phan [10] extended the
Pagano [9] solution to the case of (i) negative discriminant, which
results in two complex conjugate roots of the quadratic equation,
and (ii) positive discriminant but with real negative roots. The
case of a negative discriminant is actually frequently encountered
in sandwich construction where the orthotropic core is stiffer
in the transverse than the in-plane directions. Results from this
elasticity solution showed that the core transverse shear is nearly
constant for the very soft cores, but it acquires a pronounced dis-
tribution, nearly parabolic, as the stiffness of the core increased.
The transverse normal strain in the core was found to be nearly
linear in z. It should be mentioned that elasticity solutions that
address the complex roots for the two-dimensional case (plate)
have already been presented by Zenkour [11] and Demasi [12];
however in the present paper, we are dealing with a beam (one-
dimensional) configuration.

In this paper, an extension of the HSAPT is presented for a
sandwich beam that allows for the transverse shear distribution in
the core to acquire the proper distribution as the core stiffness
increases as a result of non-negligible in-plane stresses in the
core. Thus, this theory is valid for weak or stiff cores. The theory
assumes a transverse displacement in the core that varies as a
second-order equation in z, and an axial displacement that is of
third order in z, following the displacement distributions of the
HSAPT model, see Frostig et al. [5]. However, the novelty of this
theory is that it allows for three generalized coordinates in the
core (the axial and transverse displacements at the centroid of the
core and the rotation at the centroid of the core) instead of just
one (midpoint transverse displacement) commonly adopted in
other available theories. The theory is formulated for a sandwich
panel with a general layout. The major assumptions of the theory
are as follows: (1) the face sheets satisfy the Euler–Bernoulli
assumptions, and their thicknesses are small compared with the
overall thickness of the sandwich section; they can be made of dif-
ferent materials and can have different thicknesses; they undergo
large displacements with moderate rotations. (2) The core is com-
pressible in the transverse and axial directions (transverse dis-
placement is second order in z and axial displacement is third
in z); it has in-plane, transverse, and shear rigidities; it undergoes
large displacements but with kinematic relations of small defor-
mations due to its low in-plane rigidity as compared with that of
the face sheets. (3) The face sheets and core are perfectly bonded
at their interfaces.

Results will be presented in comparison with the elasticity and
the first-order shear deformation (FOSD) theory and the HSAPT.

It should be noted that the purpose of the paper is not to present
a general purpose model for a layer-wise panel as in the work of
Demasi [13]. For a survey and review of various plate theories
(zigzag, layerwise, mixed, etc.), see Carrera and Brischetto [14]
and Carrera [15]. Instead, our paper is aimed to present an exten-
sion of the HSAPT model and to demonstrate that this extended
theory yields accurate results when compared with elasticity solu-
tions for a wide range of skin over core stiffness ratios. Moreover,
benchmarks for two-dimensional (plate=shell) theories have been
presented by Carrera and Demasi [16]. These benchmarks can be
useful in future extensions of our theory to the two-dimensional
(plate=shell) configuration; please note that in the present paper,
we deal with the one-dimensional configuration (beam) case.

Derivation of the Extended High-Order

Sandwich Panel Theory

Figure 1 shows a sandwich panel of length a with a core of
thickness 2c and top and bottom face sheet thicknesses ft and fb,
respectively. A Cartesian coordinate system ðx; y; zÞ is defined at
one end of the beam and its origin is placed at the middle of the
core. Only loading in the x� z plane is considered to act on the
beam, which solely causes displacements in the x and z directions
designated by u and w, respectively. The superscripts t, b, and c
shall refer to the top face sheet, bottom face sheet, and core,
respectively. The subscript 0 refers to the middle surface of the
corresponding phase. We should also note that in our formulation,
the rigidities and all applied loadings are per unit width.

The displacement field of the top and bottom face sheets is
assumed to satisfy the Euler–Bernoulli assumptions: Therefore,
the displacement field for the top face sheet, c � z � cþ ft, is

wtðx; zÞ ¼ wt
0ðxÞ; utðx; zÞ ¼ ut

0ðxÞ � z� c� ft

2

� �
wt

0;xðxÞ (1a)

and for the bottom face sheet, �ðcþ fbÞ � z � �c

wbðx; zÞ ¼ wb
0ðxÞ; ubðx; zÞ ¼ ub

0ðxÞ � zþ cþ fb
2

� �
wb

0;xðxÞ

(1b)

The only nonzero strain in the faces is the axial strain, which in
the general nonlinear case (necessary, for example, for buckling) is

�t;b
xx ðx; zÞ ¼ ut;b

;x ðx; zÞ þ
1

2
wt;b

0;xðxÞ
h i2

(1c)

Fig. 1 Definition of the sandwich configuration
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If a linear analysis is pursued, the second (squared) term in Eq.
(1c) is neglected.

While the face sheets can change their length only longitudi-
nally, the core can change its height and length. The displacement
fields considered for the core follow the resulting fields that are in
the HSAPT model, see Frostig et al. [5], and they read

wcðx; zÞ ¼ wc
0ðxÞ þ wc

1ðxÞzþ wc
2ðxÞz2 (2a)

ucðx; zÞ ¼ uc
0ðxÞ þ /c

0ðxÞzþ uc
2ðxÞz2 þ uc

3ðxÞz3 (2b)

In these equations, wc
0 and uc

0 are the transverse and in-plane dis-
placements, respectively, and /c

0 is the slope at the centroid of the
core, while wc

1, wc
2 and uc

2, uc
3 are the transverse and in-plane

unknown functions to be determined by the transverse and the in-
plane compatibility conditions applied at the upper, z ¼ c, and
lower, z ¼ �c, face–core interfaces, Equations (1a) and (1b).
Hence, using the compatibility condition in the transverse direc-
tion at the upper and the lower face core interfaces (same core and
face sheet transverse displacement) yields the following distribu-
tion of the transverse displacement:

wcðx; zÞ ¼ � z

2c
þ z2

2c2

� �
wb

0ðxÞ þ 1� z2

c2

� �
wc

0ðxÞ

þ z

2c
þ z2

2c2

� �
wt

0ðxÞ (3)

The axial displacement of the core, ucðx; zÞ, is determined through
the fulfillment of the compatibility conditions in the in-plane
direction, see second equation in Eqs. (1a) and (1b) at z ¼ c and
�c (same core and face sheet axial displacement at the interface).
Hence, after some algebraic manipulation, they read

ucðx; zÞ ¼ z 1� z2

c2

� �
/c

0ðxÞþ
z2

2c2
1� z

c

� �
ub

0þ 1� z2

c2

� �
uc

0

þ z2

2c2
1þ z

c

� �
ut

0þ
fbz2

4c2
�1þ z

c

� �
wb

0;xþ
ftz

2

4c2
1þ z

c

� �
wt

0;x

(4)

Therefore, this theory is in terms of seven generalized coordi-
nates (unknown functions of x): two for the top face sheet, wt

0, ut
0,

two for the bottom face sheet, wb
0, ub

0, and three for the core, wc
0,

uc
0, and /c

0.
The strains can be obtained from the displacements using the

linear strain–displacement relations. For the core, the transverse
normal strain is

�c
zz ¼

@wc

@z
¼ z

c2
� 1

2c

� �
wb

0 �
2z

c2
wc

0 þ
z

c2
þ 1

2c

� �
wt

0 (5)

and the shear strain is

cc
zx ¼

@uc

@z
þ @wc

@x
¼ 1� 3z2

c2

� �
/c

0 þ
z

c2
� 3z2

2c3

� �
ub

0 �
2z

c2

� �
uc

0

þ z

c2
þ 3z2

2c3

� �
ut

0 þ � cþ fb

2c2

� �
zþ 2cþ 3fb

4c3

� �
z2

� �
wb

0;x

þ 1� z2

c2

� �
wc

0;x þ
cþ ft
2c2

� �
zþ 2cþ 3ft

4c3

� �
z2

� �
wt

0;x (6)

There is also a nonzero linear axial strain in the core �c
xx ¼ duc

dx ,
which has the same structure as Eq. (4) but with the generalized
function coordinates replaced by one order higher derivative with
respect to x.

In the following, we use the notation 1 � x, 3 � z, and 55 � xz.
We assume orthotropic face sheets, thus the nonzero stresses for
the faces are

rt;b
xx ¼ Ct;b

11�
t;b
xx ; rt;b

zz ¼ Ct;b
13�

t;b
xx (7a)

where in terms of the extensional (Young’s) modulus, Et;b
1 , and

the Poisson’s ratio, �t;b
31 , the stiffness constants for a beam are

Ct;b
11 ¼Et;b

1 and Ct;b
13 ¼ �

t;b
31 Et;b

1 . Notice that the rt;b
zz does not ulti-

mately enter into the variational equation because the correspond-

ing strain �t;b
zz is zero.

We also assume an orthotropic core with stress–strain relations

rc
xx

rc
zz

sc
xz

264
375 ¼ Cc

11 Cc
13 0

Cc
13 Cc

33 0

0 0 Cc
55

264
375 �c

xx

�c
zz

cc
xz

264
375 (7b)

where Cc
ij are the stiffness constants for the core, and we have

used the notation 1 � x, 3 � z, and 55 � xz. The stiffness matrix
with components Cc

ij in Eq. (7b) is the inverse of the compliance
matrix, whose components ac

ij are expressed in terms of the exten-
sional and shear moduli and Poisson’s ratio of the core as

ac
11 ¼

1

Ec
1

; ac
13 ¼ �

�c
31

Ec
3

; ac
33 ¼

1

Ec
3

; ac
55 ¼

1

Gc
31

(7c)

The governing equations and boundary conditions are derived
from the variational principle

dðU þ VÞ ¼ 0 (8)

where U is the strain energy of the sandwich beam and V is the
potential due to the applied loading. The first variation of the
strain energy per unit width of the sandwich beam is

dU ¼
ða

0

� ð�c

�cþfb

rb
xxd�

b
xxdzþ

ðc

�c

rc
xxd�

c
xx þ rc

zzd�
c
zz þ sc

zxdcc
zx

� 	
dz

þ
ðcþft

c

rt
xxd�

t
xxdz

�
dx (9a)

and the first variation of the external potential per unit width due
to several general loading conditions is

dV¼�
ða

0

~ptdut
0þ ~pbdub

0þ ~qtdwt
0þ ~qbdwb

0þ ~mtdwt
0;xþ ~mbdwb

0;x

� �
dx

� ~Ntdut
0

ia

x¼0
� ~Nbdub

0

ia

x¼0
� ~Vtdwt

0

ia

x¼0
� ~Vbdwb

0

ia

x¼0

� ~Mtdwt
0;x

ia

x¼0
� ~Mbdwb

0;x

ia

x¼0
�

ðc

�c

~ncducþ~vcdwc

� �
dz
ia

x¼0

(9b)

where ~pt;b is the distributed in-plane force (along x) per unit width,
~qt;b is the distributed transverse (along z) force per unit width, and
~mt;b is the distributed moment unit width on the top and bottom
face sheets. Moreover, ~Nt;b is the end axial force per unit width,
~Vt;b is the end shear force per unit width, and ~Mt;b is the end
moment per unit width at the top and bottom face sheets, at the ends
x ¼ 0; a. In addition, ~nc is the end axial force per unit width and ~vc

is the end shear force per unit width at the core at the ends x ¼ 0; a.
In the following, we assume that ~nc and ~vc are constant. In this

case,ðc

�c

~ncducdz ¼ ~ncc
1

3
dub

0 þ dut
0

� 	
þ 4

3
duc

0

� 	
� fb

6
dwb

0;x þ
ft
6

dwt
0;x

� �
(9c)ðc

�c

~vcdwcdz ¼ ~vcc
1

3
dwb

0 þ
4

3
dwc

0 þ
1

3
dwt

0

� �
(9d)

Of course, the theory can admit any variation of ~nc and ~vc along z;
for example, a bending moment on the core would correspond to a
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linear variation of ~nc with respect to z. However, for most practi-
cal purposes, loads are applied to the skins and not the core.

For the sandwich plates made out of orthotropic materials, we
can substitute the stresses in terms of the strains from the constitu-
tive relations, Eqs. (7), and then the strains in terms of the dis-
placements and the displacement profiles, Eqs. (1), (2), and (4),
and finally apply the variational principle, Eqs. (8) and (9); thus,
we can write a set of nonlinear governing differential equations
(DEs) in terms of the seven unknown generalized coordinates as
follows.

Top face sheet DEs (two nonlinear)

dut
0 :� 4

5
Cc

55 þ
2c2

35
Cc

11

@2

@x2

� �
/c

0 �
7

30c
Cc

55 þ
c

35
Cc

11

@2

@x2

� �
ub

0

� 4

3c
Cc

55 þ
2c

15
Cc

11

@2

@x2

� �
uc

0 þ
47

30c
Cc

55 � at
1

@2

@x2

� �
ut

0

� ab
2

@

@x
� cfb

70
Cc

11

@3

@x3

� �
wb

0 þ b1

@

@x

� �
wc

0

þ at
3

@

@x
� 3cft

35
Cc

11

@3

@x3

� �
wt

0 ¼ ~pt þ Ft
u (10a)

where Ft
u is the nonlinear term

Ft
u ¼ Ct

11ftw
t
0;xwt

0;xx (10b)

and ~pt is the distributed in-plane force (along x) per unit width at
the top face.

And

dwt
0 : at

4

@

@x
þc2ft

35
Cc

11

@3

@x3

� �
/c

0þ at
5

@

@x
þcft

70
Cc

11

@3

@x3

� �
ub

0

þ at
6

@

@x
þcft

15
Cc

11

@3

@x3

� �
uc

0þ �at
3

@

@x
þ3cft

35
Cc

11

@3

@x3

� �
ut

0

þ 1

6c
Cc

33þb2

@2

@x2
�cfbft

140
Cc

11

@4

@x4

� �
wb

0þ �
4

3c
Cc

33þat
7

@2

@x2

� �
wc

0

þ 7

6c
Cc

33þat
8

@2

@x2
þat

9

@4

@x4

� �
wt

0¼ ~qt� ~mt
;xþFt

w (11a)

where Ft
w is the nonlinear term

Ft
w ¼ Ct

11ft wt
0;xut

0;xx þ ut
0;xwt

0;xx þ
3

2
ðwt

0;xÞ
2
wt

0;xx

� �
(11b)

and ~qt is the distributed transverse (along z) force per unit width
and ~mt is the distributed moment per unit width on the top face
sheet.

Core DEs (three linear)

duc
0 :� 4

3c
Cc

55 þ
2c

15
Cc

11

@2

@x2

� �
ub

0 þ
8

3c
Cc

55 �
16c

15
Cc

11

@2

@x2

� �
uc

0

� 4

3c
Cc

55 þ
2c

15
Cc

11

@2

@x2

� �
ut

0 þ ab
6

@

@x
þ cfb

15
Cc

11

@3

@x3

� �
wb

0

� at
6

@

@x
þ cft

15
Cc

11

@3

@x3

� �
wt

0 ¼ 0 (12a)

d/c
0 :

8c

5
Cc

55 �
16c3

105
Cc

11

@2

@x2

� �
/c

0 þ
4

5
Cc

55 þ
2c2

35
Cc

11

@2

@x2

� �
ub

0

� 4

5
Cc

55 þ
2c2

35
Cc

11

@2

@x2

� �
ut

0 � ab
4

@

@x
þ c2fb

35
Cc

11

@3

@x3

� �
wb

0

þ b3

@

@x

� �
wc

0 � at
4

@

@x
þ c2ft

35
Cc

11

@3

@x3

� �
wt

0 ¼ 0 (12b)

and

dwc
0 :� b3

@

@x

� �
/c

0 þ b1

@

@x

� �
ub

0 � b1

@

@x

� �
ut

0

þ � 4

3c
Cc

33 þ ab
7

@2

@x2

� �
wb

0 þ
8

3c
Cc

33 �
16c

15
Cc

55

@2

@x2

� �
wc

0

þ � 4

3c
Cc

33 þ at
7

@2

@x2

� �
wt

0 ¼ 0 (12c)

Bottom face sheet DEs (two nonlinear)

dub
0 :

4

5
Cc

55 þ
2c2

35
Cc

11

@2

@x2

� �
/c

0 þ
47

30c
Cc

55 � ab
1

@2

@x2

� �
ub

0

� 4

3c
Cc

55 þ
2c

15
Cc

11

@2

@x2

� �
uc

0 �
7

30c
Cc

55 þ
c

35
Cc

11

@2

@x2

� �
ut

0

þ �ab
3

@

@x
þ 3cfb

35
Cc

11

@3

@x3

� �
wb

0 � b1

@

@x

� �
wc

0

þ at
2

@

@x
� cft

70
Cc

11

@3

@x3

� �
wt

0 ¼ ~pb þ F̂b
u (13a)

where Fb
u is the nonlinear term

Fb
u ¼ Cb

11fbwb
0;xwb

0;xx (13b)

and ~pb is the distributed in-plane force (along x) per unit width at
the bottom face.

And

dwb
0 : ab

4

@

@x
þ c2fb

35
Cc

11

@3

@x3

� �
/c

0 þ ab
3

@

@x
� 3cfb

35
Cc

11

@3

@x3

� �
ub

0

� ab
6

@

@x
þ cfb

15
Cc

11

@3

@x3

� �
uc

0 � ab
5

@

@x
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9
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33 þ ab
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0

þ 1

6c
Cc
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� cfbft
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Cc

11

@4

@x4

� �
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0 ¼ ~qb � ~mb
;x þ Fb

w

(14a)

where Fb
w is the nonlinear term

Fb
w ¼ Cb

11fb wb
0;xub

0;xx þ ub
0;xwb

0;xx þ
3

2
ðwb

0;xÞ
2
wb

0;xx

� �
(14b)

and ~qb is the distributed transverse (along z) force per unit width
and ~mb is the distributed moment per unit width on the bottom
face sheet.

In the above expressions, the following constants are defined:

ai
1 ¼

6c

35
Cc

11 þ fiC
i
11; ai

2 ¼
1

30
Cc

13 þ
1

30
� 7fi

60c

� �
Cc

55 (15a)

ai
3 ¼�

11

30
Cc

13 þ
19

30
þ 47fi

60c

� �
Cc

55; ai
4 ¼

4c

15
Cc

13 þ
4c

15
þ 2fi

5

� �
Cc

55

(15b)

ai
5 ¼ �

1

30
Cc

13 þ � 1

30
þ 7fi

60c

� �
Cc

55; ai
6 ¼

2

3
Cc

13 þ
2

3
þ 2fi

3c

� �
Cc

55

(15c)

ai
7 ¼ �

fi

5
Cc

13 �
2c

15
þ fi

5

� �
Cc

55 (15d)

ai
8 ¼

11fi

30
Cc

13 �
4c

15
þ 19fi

30
þ 47fi

2

120c

� �
Cc

55 (15e)
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ai
9 ¼

fi
3

12
Ci

11 þ
3cfi

2

70
Cc

11 (15f )

and

b1 ¼
2

5
ðCc

13 þ Cc
55Þ (15g)

b2 ¼
fb þ ft

60
Cc

13 þ
c

15
þ fb þ ft

60
� 7fbft

120c

� �
Cc

55 (15h)

b3 ¼
8c

15
ðCc

13 þ Cc
55Þ (15i)

The corresponding boundary conditions (BCs) at x¼ 0; a read as
follows (at each end there are nine boundary conditions, three for
each face sheet and three for the core):

Top face sheet BCs (three)
(i) Either dut

0 ¼ 0 or

2c2
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11

@

@x

� �
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0 þ
c
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� �
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� �
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13 þ
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11

@2

@x2

� �
wt

0 ¼ ~Nt þ ~ncc

3
þ Bt

u

(16a)

where ~Nt is the end axial force per unit width at the top face and
~nc is the end axial force per unit width at the core (at the end
x ¼ 0 or x ¼ a) and the nonlinear term

Bt
u ¼ �

ft

2
Ct

11ðwt
0;xÞ

2
(16b)

(ii) Either dwt
0 ¼ 0 or
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where Bt
w is the nonlinear term

Bt
w ¼ �

ft

2
Ct

11wt
0;x 2ut

0;x þ ðwt
0;xÞ

2
h i

(17b)

and ~Vt is the end shear force per unit width at the top face and ~vc

is the end shear force per unit width at the core (at the end x ¼ 0
or x ¼ a).

(iii) Either dwt
0;x ¼ 0 or
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6

(18)

where ~Mt is the end moment per unit width at the top face (at the
end x ¼ 0 or x ¼ a).

Core BCs (three)
(i) Either duc

0 ¼ 0 or
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(ii) Either d/c
0 ¼ 0 or
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(iii) Either dwc
0 ¼ 0 or
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Bottom face sheet BCs (three)
(i) Either dub
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(20a)

where ~Nb is the end axial force per unit width at the bottom face
and the nonlinear term,

Bb
u ¼ �

fb
2
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11ðwb

0;xÞ
2

(20b)

(ii) Either dwb
0 ¼ 0 or
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where Bb
w is the nonlinear term

Bb
w ¼ �

fb

2
Cb

11wb
0;x½2ub

0;x þ ðwb
0;xÞ

2� (21b)

and ~Vb is the end shear force per unit width at bottom face.
(iii) Either dwb

0;x ¼ 0 or
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(22)

where ~Mb is the end moment per unit width at the bottom face.
The superscript e denotes in the above equations the known

external boundary values.

Application of the Extended High-Order Sandwich

Panel Theory for a Simply Supported Sandwich Panel

In this section, we shall study the linear response of a simply
supported sandwich panel under transversely applied loading of
the form

~qtðxÞ ¼ q0 sin
px

a
(23)

The numerical results for several typical sandwich plate configu-
rations with orthotropic phases will be compared with the results
using the elasticity solution [10], the classical model, and the first-
order shear model as well as the Frostig et al. high-order sandwich
panel theory [5].

In this case, the boundary conditions for x ¼ 0; a (Fig. 1) are
the three kinematic conditions

wt
0 ¼ wb

0 ¼ wc
0 ¼ 0 (24)

and the right hand sides of the 6 natural boundary conditions in
Eqs. (16), (18), (19a), (19b), (20), and (22) are equal to zero.

All these are satisfied by displacements in the form

ut
0 ¼ Ut

0 cos
px

a
; uc

0 ¼ Uc
0 cos

px

a
; /c

0 ¼ Uc
0 cos

px

a
;

ub
0 ¼ Ub

0 cos
px

a

(25a)

wt
0 ¼ Wt

0 sin
px

a
; wc

0 ¼ Wc
0 sin

px

a
; wb

0 ¼ Wb
0 sin

px

a
(25b)

We consider the linear problem, which means that the nonlinear

terms Ft;b
u;w

in the governing differential equations and the nonlinear

terms Bt;b
w in the boundary conditions are neglected.

Substituting Eq. (25) into Eqs. (10)–(14) results in a system of
seven linear equations for the seven unknown constants Ut

0, Uc
0,

Uc
0, Ub

0, Wt
0, Wc

0, Wb
0 .

We shall consider sandwich configurations consisting of faces
made out of either graphite=epoxy or E-glass=polyester unidirec-
tional composite and core made out of either hexagonal glass-
phenolic honeycomb or balsa wood. The moduli and Poisson’s
ratios for these materials are given in Table 1.

The two face sheets are assumed identical with thickness
ft¼ fb¼ f¼ 2 mm. The core thickness is 2c¼ 16 mm. The total
thickness of the plate is defined as htot ¼ 2f þ 2c and the length of
the beam is a¼ 20 htot.

In the following results, the displacements are normalized with

wnorm ¼
3q0a4

2p4Ef
1f 3

(26)

and the stresses with q0.
Plotted in Fig. 2 is the normalized displacement at the top face

sheet as a function of x, for the case of graphite=epoxy faces and
glass phenolic honeycomb core. In this figure, we also show the
predictions of the simple classical beam theory, which does not
include transverse shear, as well as the first-order shear theories;
for the latter, there are two versions: one that is based only on the

Table 1 Material properties. Moduli data are in GPa.

Graphite
epoxy face

E-glass
polyester face

Balsa
wood core

Glass phenolic
honeycomb core

E1 181.0 40.0 0.671 0.032
E2 10.3 10.0 0.158 0.032
E3 10.3 10.0 7.72 0.300
G23 5.96 3.5 0.312 0.048
G31 7.17 4.5 0.312 0.048
G12 7.17 4.5 0.200 0.013
�32 0.40 0.40 0.49 0.25
�31 0.016 0.26 0.23 0.25
�12 0.277 0.065 0.66 0.25
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core shear stiffness and one that includes the face sheet stifnesses.
Both are outlined in Appendix A. In addition, we show the predic-
tions of the Ref. [5] high-order sandwich panel theory. This
theory, which is based on an assumption that the in-plane rigidity
of the core is neglected and yields a constant shear stress and zero
axial stress in the core, is outlined in Appendix B.

From Fig. 2, we can see that both the classical and first-order
shear (both versions) seem to be inadequate. The classical theory
is too nonconservative and the first-order shear theory with face
sheets included can hardly make a difference. On the other hand,
the first-order shear theory where shear is assumed to be carried
exclusively by the core is too conservative; this clearly demon-
strates the need for higher order theories in dealing with sandwich
structures. In this regard, both the Frostig et al. [5] and the present
extended high-order theories give a displacement profile which is
essentially identical to the elasticity solution. In Fig. 2, we can
also readily observe the large effect of transverse shear, which is
an important feature of sandwich structures.

The distribution of the axial stress in the core, rxx, as a function
of z at the midspan location, x ¼ a=2 (where the bending moment
is maximum), is plotted in Fig. 3, again for the case of graphite-
epoxy faces and glass phenolic honeycomb core. The present
extended high-order theory predicts a stress very close to the elas-
ticity. Note that the Ref. [5] theory neglects the in-plane rigidity
of the core that yields a zero axial stress. The classical and first-
order shear theories give practically identical predictions but they
are in appreciable error by comparison to the elasticity, the error
increasing towards the lower end of the core (z ¼ �c). All curves
are linear. Notice also that for the elasticity and the extended
high-order theory, there is not a symmetry with regard to the mid-
line (z ¼ 0) unlike the classical and first-order shear theories.

The through-thickness distribution of the transverse normal
stress in the core, rzz, at the midspan location, x ¼ a=2, is shown
in Fig. 4(a) for the case of E-glass=polyester faces and balsa wood
core. Only the profiles using elasticity and the Frostig et al. [5]
and the extended high-order theories are presented, since the first-
order shear theory and the classical theory consider the core
incompressible, i.e., zero rzz. Both high-order theories are

Fig. 2 Transverse displacement, w, at the top, z = c + f , for the
case of graphite=epoxy faces and glass phenolic honeycomb
core

Fig. 3 Through-thickness distribution in the core of the axial
stress, rxx , at x = a=2 for the case of graphite=epoxy faces and
glass phenolic honeycomb core

Fig. 4 (a) Through-thickness distribution in the core of the
transverse normal stress, rzz , at x = a=2 for the case of
E-glass=polyester faces and balsa wood core. (b) Through-
thickness distribution in the core of the transverse normal
strain, �zz , at x = a=2 for the case of E-glass=polyester faces and
balsa wood core.
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practically coinciding with the elasticity curve and all are nearly
linear. However, the theories differ when the transverse normal
strain is examined in Fig. 4(b) with the present extended high-
order theory being very close to the elasticity.

Figures 5 and 6 show the through-thickness distribution of the
transverse shear stress in the core, sxz, at x ¼ a=10, i.e., near the
ends where shearing is expected to be significant, for the cases of
graphite=epoxy faces and glass phenolic honeycomb core (Fig. 5)
and E-glass=polyester faces and balsa wood core (Fig. 6). For the
very soft core case of Fig. 5, the shearing stress is nearly constant
and thus for all theories the difference from elasticity is practically
negligible. Indeed, the elasticity data show that the range of the
shearing stress variation is about 0.05% of the maximum value,
i.e., the shearing stress is practically constant. This case of a very
soft core would justify the neglect of the in-plane rigidity of the
core that is associated with constant shear stresses in the core,
made in the Frostig et al. [5] theory. Still, in Fig. 5, one can see
that the EHSAPT is practically identical to the elasticity, whereas
the HSAPT shows more difference.

For the case of the E-glass=polyester faces and balsa wood
core, however, the shear stress shows a noticeable distribution
(about 5%) through the thickness, which is very nicely captured
by the present extended high-order theory, which is practically
identical to the Elasticity. For this sandwich configuration, it is
obvious that a theory based on a constant shearing stress assump-
tion (HSAPT) would not capture this distribution.

This issue is further explored by considering a sandwich con-
struction in which both the face sheets and the core are isotropic.
By varying the moduli ratio, we can accordingly increase the
shear stress range in the core. Thus, we assume that the face sheets
are made out of isotropic aluminum alloy with Ef ¼ 100 GPa and
the core is made out of isotropic material having a modulus Ec

such that the ratio Ef =Ec assumes the values of 50, 5, and 2. The
Poisson’s ratios are assumed �f ¼ �c¼ 0.30. Figure 7 shows the
shear stress distribution through the thickness. For the moduli ra-
tio of 2, the range is very large, with the maximum over minimum
shear stress ratio being about 2. On the contrary, for the moduli ra-
tio of 50, the shear stress range is very small, with the correspond-
ing maximum over minimum shear stress ratio being only about
1.04. The present extended high-order theory is capable of captur-
ing the shear stress profile in all cases, even the most demanding
case of Ef =Ec¼ 2 and in all cases is practically identical to the
elasticity. On the contrary, a constant shear stress assumption
would be applicable only for the large ratios of Ef =Ec.

Carrera and Brischetto [14] have shown that equivalent single
layer sandwich plate theories have significant problems in terms of
accuracy for very high skin-to-core stiffness ratios. Although we
cannot make a direct comparison with their data, since the study in
Ref. [14] was done for plates, a similar table as Table 28 in Ref.
[14] was made to numerically assess the accuracy of EHSAPT with
respect to elasticity for the distributed loading problem shown in
this paper. The widely followed FOSD theory is also shown. The
material and geometry configurations were taken from Ref. [14];
each face sheet has a thickness ft¼ fb¼ f ¼ 0.1 m, the total core
thickness is 2c¼ 0.8 m, and the total height htot¼ ft þ fb þ 2c. A
range of beam lengths, a, is examined, as denoted by the length-to-
thickness-ratio (LTR) ¼ a=htot; this range of LTRs is {4, 10, 100,
1000}. The core is isotropic with modulus Ec¼ 1 GPa and Pois-
son’s ratio �c¼ 0.3. A range of isotropic faces with modulus Ef and
Poisson’s ratio �f ¼ 0.3 is examined, as denoted by the face-to-
core-stiffness-ratio (FCSR)¼Ef =Ec; this range of FCSRs is
7.3� {101,104,106 and 108}.

Fig. 5 Through-thickness distribution in the core of the trans-
verse shear stress, sxz , at x ¼ a=10 for the case of graphite/
epoxy faces and glass phenolic honeycomb

Fig. 6 Through-thickness distribution in the core of the trans-
verse shear stress, sxz , at x = a=10 for the case of E-glass/
polyester faces and balsa wood core

Fig. 7 Through-thickness distribution in the core of the trans-
verse shear stress, sxz , at z = a=10 for the case of isotropic alu-
minum alloy faces and a wide range of isotropic cores
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Table 2 shows the value of the normalized midspan transverse
displacement at the midplane (x ¼ a=2, z ¼ 0) and at the top face
sheet (x ¼ a=2, z ¼ cþ ft=2), respectively. The transverse dis-
placements at the midplane and top locations are presented to
show the compressibility of the core (i.e., when the two displace-
ments are not equal). The elasticity data in the tables show that
sandwich configurations with high FCSR and low LTR combina-
tions exhibit the most compressibility for this particular static
problem. For example, for FCSR= 7:3� 108 and LTR¼ 4, the top
face sheet has about twice as much displacement as that of the
midplane. As FCSR gets smaller (i.e., the core and face sheet
properties become more similar) and the LTR becomes higher
(i.e., the beam becomes longer), the two displacements become
practically the same. The tables also show that the FOSD theory is
highly inaccurate in predicting transverse displacement for all
cases except for the low FCSR and high LTR combinations. On
the contrary, with regard to the two transverse displacements, the
EHSAPT is consistently close to elasticity with the deviation from
elasticity not exceeding 11%; in many cases, the EHSAPT is very
accurate (<2% deviation from elasticity). It should be noted that
Table 2 only gives transverse displacement data for two locations
and do not capture the entire transverse displacement profile
through the thickness.

Table 3 shows the midplane normalized shear stress at
(x¼ a=10, z ¼ 0). The EHSAPT is very accurate for low FCSR
and the full range of LTRs, practically coinciding with elasticity;
for the more demanding cases of higher FCSRs, the EHSAPT is
still quite accurate with the deviation from elasticity not exceeding

10%. On the contrary, the FOSD is inaccurate in predicting shear
stress for all cases; for the high FSCRs and low LTRs, the FOSD
stress values are, again, many orders of magnitude that of elasticity.
This numerical assessment (although not exhaustive since it consid-
ers a fixed face-sheet-to-total-thickness ratio f=htot¼ 0.1 and does
not consider orthotropic materials) gives further insight into the ac-
curacy of EHSAPT with respect to elasticity.

Conclusions

A extended high-order sandwich beam theory is formulated,
which is capable of including the unique features of sandwich
construction, i.e., large transverse shear and core compressibility.
The significant new feature of this theory is that it allows for three
generalized coordinates in the core (the axial and transverse dis-
placements and the rotation at the centroid of the core) instead of
one (midpoint transverse displacement) commonly adopted in all
other available theories. It also allows for a nonzero axial stress in
the core. In this theory, which is derived for a general asymmetric
construction, all displacement continuity conditions at the inter-
face of the core with the top and bottom face sheets are enforced.
Moreover, the transverse displacement in the core is of second
order in the transverse coordinate, z, and the axial displacement in
the core is of the third order in z. A comparison to the elasticity so-
lution shows that this extended high-order theory can be used with
any combinations of core and face sheets and not only the very
“soft” cores that the other high-order sandwich theories demand.

Results have been presented for the case of transverse loading
of a simply supported sandwich beam by comparison to the elas-
ticity, the classical sandwich beam theory, the first-order shear
theory, and the HSAPT model, see Frostig et al. [5], for different
face sheet and core material combinations. The results show that
the present extended high-order theory is very close to the elasticity
solution in terms of both the displacements and the transverse stress
or strain, as well as axial stress through the core, and, in addition,
the shear stress distributions in the core for core materials ranging
from very soft to almost half the stiffness of the face sheets. In par-
ticular, it captures the very large range of core shear stress and the
nearly parabolic profile in the cases of cores that are not soft.

Acknowledgment

The financial support of the Office of Naval Research, Grant
N00014-07-10373, and the interest and encouragement of the
Grant Monitor, Dr. Y. D. S. Rajapakse, are both gratefully
acknowledged.

Table 2 Normalized transverse displacements

FCSR LTR 4 10 100 1000

Midcore (x ¼ a=2, z ¼ 0); R¼FCSR=LTR
7:3� 101 R 18.25 7.3 0.73 0.073

Elasticity 0.0892 0.0269 0.0148 0.0147
EHSAPT 0.0907 0.0284 0.0163 0.0162

FOSD 0.1321 0.0337 0.0152 0.0150

7:3� 104 R 18,250 7300 730 73
Elasticity 3.418 2.805 0.1333 0.0161
EHSAPT 3.725 3.013 0.1351 0.0176

FOSD 117.09 18.747 0.2023 0.0169

7:3� 106 R 1.825� 106 7.3� 105 7.3� 104 7.3� 103

Elasticity 3.576 3.619 2.811 0.1333
EHSAPT 3.914 3.973 3.021 0.1351

FOSD 1.171� 104 1873.0 18.748 0.2023

7:3� 108 R 1.825� 108 7.3� 107 7.3� 106 7.3� 105

Elasticity 3.577 3.630 3.629 2.811
EHSAPT 3.916 3.987 3.987 3.021

FOSD 1.171� 106 1.873� 105 1873.0 18.748

Top face (x ¼ a=2, z ¼ cþ ft=2); R¼FCSR=LTR
7:3� 101 R 18.25 7.3 0.73 0.073

Elasticity 0.0932 0.0270 0.0148 0.0147
EHSAPT 0.0956 0.0285 0.0163 0.0162

FOSD 0.1321 0.0337 0.0152 0.0150

7:3� 104 R 18,250 7300 730 73
Elasticity 5.098 2.883 0.1333 0.0161
EHSAPT 5.664 3.108 0.1351 0.0176

FOSD 117.09 18.747 0.2023 0.0169

7:3� 106 R 1.825� 106 7.3� 105 7.3� 104 7.3� 103

Elasticity 7.244 6.038 2.812 0.1333
EHSAPT 7.952 6.725 3.022 0.1351

FOSD 1.171� 104 1873.0 18.748 0.2023

7:3� 108 R 1.825� 108 7.3� 107 7.3� 106 7.3� 105

Elasticity 7.291 7.263 3.698 2.811
EHSAPT 7.999 7.981 4.071 3.021

FOSD 1.171� 106 1.873� 105 1873.0 18.748

Table 3 Normalized shear stress, sxz=q0, near the simple
support at (x = a=10, z = 0); R 5 FCSR=LTR

FCSR LTR 4 10 100 1000

7:3� 101 R 18.25 7.3 0.73 0.073
Elasticity 1.327 3.373 33.828 338.29
EHSAPT 1.327 3.373 33.828 338.29

FOSD 1.816 4.541 45.410 454.10

7:3� 104 R 18,250 7300 730 73
Elasticity 0.0602 0.7651 32.406 334.88
EHSAPT 0.0656 0.8217 32.501 334.89

FOSD 1.8164 4.5410 45.410 454.10

7:3� 106 R 1.825� 106 7.3� 105 7.3� 104 7.3� 103

Elasticity 6.300� 10�4 9.890� 10�3 7.657 324.05
EHSAPT 6.890� 10�4 1.085� 10�2 8.229 325.01

FOSD 1.816 4.541 45.410 454.10

7:3� 108 R 1.825� 108 7.3� 107 7.3� 106 7.3� 105

Elasticity 6.301� 10�6 9.914� 10�5 0.0990 76.575
EHSAPT 6.894� 10�6 1.089� 10�4 0.1087 82.289

FOSD 1.816 4.541 45.410 454.10
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Appendix A: Classical and First-Order Shear theories

Classical Sandwich Beam Theory (Without Shear). The
classical sandwich theory assumes that the core is transversely
incompressible and the displacement of the top and bottom face
sheets and core are the same. The governing differential equation is

D11

@4wðxÞ
@x4

¼ ~qtðxÞ (A1)

where D11 is the bending stiffness per unit width of the beam.
In the general asymmetric case, the neutral axis of the sandwich

section is defined at a distance e from the x-axis (Fig. 1)

eðEt
1ft þ Eb

1fbÞ ¼ Et
1ft

ft
2
þ c

� �
� Eb

1fb
fb

2
þ c

� �
(A2a)

Therefore, the bending stiffness per unit width, D11, is

D11 ¼ Et
1

ft
3

12
þ Et

1ft
ft
2
þ c� e

� �2

þ Eb
1

fb
3

12
þ Et

1fb
fb

2
þ cþ e

� �2

(A2b)

For the load of Eq. (23), the displacement is expressed as

wðxÞ ¼ W0 sin
px

a
(A3)

Substituting into Eq. (A1) leads to

W0 ¼
q0a4

D11p4
(A4)

First-Order Shear Sandwich Panel Theory. For the first-
order shear model, if we let w be the shear deformation then the
governing equations with shear effects can be written as

D11w;xxðxÞ � jD55 wðxÞ þ w;xðxÞ

 �

¼ 0 (A5)

jD55 w;xðxÞ þ w;xxðxÞ

 �

þ ~qtðxÞ ¼ 0 (A6)

where j¼ 5=6 is the shear correction factor and

D55 ¼ Gc
13ð2cÞ (A7a)

In some versions of the first-order shear model, the shear of the
face sheets is included, i.e.,

D55 ¼ Gc
13ð2cÞ þ Gt

13ft þ Gb
13fb (A7b)

Setting

wðxÞ ¼ W0 sin
px

a
; wðxÞ ¼ W0 cos

px

a
(A8)

with the load in the same manner as Eq. (23) and substituting in
Eqs. (A5) and (A6) leads to

W0 ¼ �
L13

L11L33 � L2
13

q0 ; W0 ¼
L11

L11L33 � L2
13

q0 (A9)

where

L11 ¼ D11

p2

a2
þ jD55 ; L13 ¼ jD55

p
a

; L33 ¼ jD55

p2

a2

(A10)

Appendix B: The Frostig et al. High-Order Sandwich

Panel Theory

This theory [5] is expressed in terms of five generalized coordi-
nates, ut

0ðxÞ, wt
0ðxÞ, ub

0ðxÞ, wb
0ðxÞ, and scðxÞ. The five differential

equations, adapted from Frostig et al. (1992) for the present sand-
wich geometric and coordinate configuration, are as follows:

Top Face Sheet

Ct
11ftu

t
0;xxðxÞ � scðxÞ ¼ 0 (B1)

�Cc
33

2c
wb

0ðxÞþCt
11

f 3
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12
wt

0;xxxxðxÞþ
Cc

33

2c
wt

0ðxÞ�
2cþ ft

2
sc
;xðxÞ ¼ ~qtðxÞ

(B2)

Core

ub
0ðxÞ � ut

0ðxÞ �
2cþ fb

2
wb

0;xðxÞ �
2cþ ft

2
wt

0;xðxÞ �
ð2cÞ3

12Cc
33

sc
;xxðxÞ

þ 2c

Cc
55

scðxÞ ¼ 0 (B3)

Bottom Face Sheet

Cb
11fbub

0;xxðxÞ þ scðxÞ ¼ 0 (B4)
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2
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(B5)

By setting the generalized coordinate profiles in the form

ut;b
0 ¼ Ut;b

0 cos
px

a

� �
; wt;b

0 ¼ Wt;b
0 sin

px

a

� �
; sc ¼ Tc cos

px

a

� �
(B6)

which satisfy the simply supported boundary conditions, and sub-
stituting ~qtðxÞ from Eq. (23), we obtain a system of five linear
equations for the Ut;b

0 , Wt;b
0 , and Tc.

In this theory, the displacement field of the core depends on the
generalized coordinates in the following way:

wcðx; zÞ ¼ wb
0ðxÞ þ

zþ c

2c
wt

0ðxÞ � wb
0ðxÞ
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� z2 � c2

2Cc
33

sc
;xðxÞ (B7)

and

ucðx; zÞ ¼ ub
0ðxÞ þ

zþ c

Cc
55

scðxÞ

� 1
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(B8)
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