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The focus of this paper is the application of the recently introduced extended high-order sandwich panel theory to
the global buckling of a sandwich beam/wide panel. Three different solution approaches using the extended high-
order sandwich panel theory are presented to investigate the effects of simplifying the loading case by applying loads
juston the face sheets and by including or excluding nonlinear axial strains in the core. The results are also compared
with results from a benchmark elasticity solution and, furthermore, from the simple sandwich buckling formula by
the earlier extended high-order sandwich panel theory. It is found that all three theories are close to the elasticity
solution for “soft” cores with E{ /Ef1 < 0.001. However, for “moderate” cores, i.e., with E{ /Efl > 0.001, the theories
diverge and the extended high-order sandwich panel theory is the most accurate.

Nomenclature
a = length of the sandwich beam
a'?¢ = axial compliance of the top face, bottom face, and
core, respectively
Cf'jb “ = Stiffness constants of the top face, bottom face, and
core, respectively
c = half-thickness of the core (total core thickness is 2¢)

E’l'b = axial extensional (Young’s) modulus of the top and
bottom face, respectively

transverse extensional modulus of the core

thickness of the top face and bottom face, respectively
$t = shear modulus of the core

s
=
|

Nyt = total thickness of the sandwich beam

M"bc = moment stress resultant about their own centroids per
unit width of the top face, bottom face and core,
respectively

N*P¢ = axial stress resultant per unit width of the top face,

~ bottom face and core, respectively

N"* = end axial force (at the ends x = 0, a) per unit width at
the top and bottom faces, respectively

n¢ = end axial force (at the ends x = 0, a) per unit width at
the core

Pro = Euler load

utc = axial displacement (along x) of the top face, bottom
face, and core, respectively

Ve = shear stress resultant per unit width of core

w"¢ = transverse displacement (along z) of the top face,

bottom face, and core, respectively
5 = slope at the centroid of the core
“0” = refers to the middle surface (centroid), as a subscript
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I. Introduction

N THE recent literature, several high-order theories have been

presented to model the behavior of sandwich composites. The
higher-order sandwich panel theory (HSAPT) Frostig et al. [1]
accounts for the transverse and shear stiffness of the core, but
neglects the axial stiffness of the core and assumes a constant shear
stress in the core, which is also one of the generalized coordinates
of the theory. The extended high-order sandwich panel theory
(EHSAPT) Phan et al. [2] accounts for the axial, transverse, and shear
stiffness in the core and considers the rotation at the centroid of the
core as one of the generalized coordinates. These theories were
compared in [2] to the elasticity solution for the case of a simply
supported beam subjected to a distributed sinusoidal transverse load;
it was found that while the HSAPT captures the stresses and strains in
the core very well for very soft cores, the EHSAPT is able to do the
same but for a wider range of core materials, i.e., not just soft cores.

In this paper, we are interested in how the theories perform with
respect to elasticity, in predicting the global buckling of a sandwich
beam/wide plate under compressive axial loading. The buckling
behavior of sandwich composite beams using the HSAPT was
studied by Frostig and Baruch [3]. Furthermore, a few global
buckling formulas for sandwich construction can be found in the
literature. These formulas are reviewed in detail in a whole chapter
devoted to buckling in the recent book by Carlsson and Kardomateas
[4]. As benchmark, an elasticity solution for the global buckling of a
sandwich beam/wide plate was presented by Kardomateas [5]. In this
paper, two formulas were found to be the most accurate (by
comparing to elasticity). These were 1) the formula derived by Allen
[6] for thick faces (note that there also exist a corresponding formula
by Allen for thin faces, but this was less accurate), and 2) the
Engesser’s [7] critical load formula where the shear correction factor
used is the one derived for sandwich sections by Huang and
Kardomateas [8]. The latter shear correction formula is not
exclusively based on the shear modulus of the core, but instead
includes the shear modulus of the faces and the extensional modulus
of the core, therefore, it can account for sandwich constructions with
stiffer cores and/or more compliant faces. In this paper we shall use
the Allen’s [6] thick faces formula as a representative of the simple
formulas to compare with the high-order theory results. It will also be
proven that this formula would be the direct result of the HSAPT for
the case of an incompressible core.

Thus, in this present paper, the buckling behavior for a general
asymmetric sandwich beam/wide plate with different face sheet
materials and face sheet thicknesses is presented. We have used the
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EHSAPT to solve for three cases: (a) axial load applied exclusively
the face sheets and the geometric nonlinearities in the core are
neglected (linear core); (b) uniform axial strain applied through the
entire thickness and, again, linear core; and (c) uniform axial strain
applied through the entire thickness but now the geometric
nonlinearities in the core are included (nonlinear core). It will be
shown that the critical load is nearly identical for cases (a) and (c) and
arange of core materials and geometry but case (a) loading involves a
simpler solution process. Moreover, this critical load is very close to
the elasticity prediction. Therefore, this paper will show in detail the
solution procedure for finding the critical load of the case (a) loading.

The format of this paper is the following: in Sec. II the formulation
of the EHSAPT for the case of buckling in terms of stress resultants
and generalized coordinates is presented; in Sec. III three solution
approaches are outlined for the critical load for a simply supported
sandwich beam with general asymmetric geometry, namely linear
core and applied load on faces, linear core and applied uniform strain,
and nonlinear core and applied uniform strain; in Sec. IV results are
shown for a soft and a moderate core sandwich configurations with
symmetric geometry. Section V concludes the paper.

II. EHSAPT in Terms of Stress Resultants

In Phan et al. [2] the EHSAPT was formulated but the governing
equations were given in terms of displacements. In this section, we
formulate the corresponding equations in terms of the applied axial
loading and the stress resultants, which is appropriate for solving the
buckling problem.

Figure 1 shows a sandwich panel of length a with a core of
thickness 2¢ and top and bottom face sheet thicknesses f, and f,,
respectively. A Cartesian coordinate system (x, y, z) is defined at the
left end of the beam and its origin is placed at the middle of the core.
Only loading in the x-z plane is considered to act on the beam, which
solely causes displacements in the x and z directions, designated by u
and w, respectively. The superscripts ¢, b, and ¢ shall refer to the top
face sheet, bottom face sheet, and core, respectively. The subscript O
refers to the middle surface of the corresponding layer (top face,
bottom face, or core). We should also note that in our formulation the
rigidities and all applied loadings are per unit width.

The displacement field of the top and bottom face sheets are
assumed to satisfy the Euler—Bernoulli assumptions: Therefore, the
displacement field for the top face sheet, ¢ < z < ¢ + f,, is:

w'(x, z) = wh(x); u'(x,2) = uf(x) — (z —c —ﬁ) wy ()

2
(1a)

and for the bottom face sheet, —(c + f},) <z < —c:

wh(x,2) = wh(x);  ub(x.2) = uf(x) — (z +ec+ %) wg, (x)
(1b)

The only nonzero strain in the faces is the axial strain, which for
buckling should be in its general nonlinear form:

1
€ (6, 2) = ulf (x, 2) + Wi ()P (1c)
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Fig. 1 Definition of the sandwich configuration.

While the face sheets can change their length only longitudinally,
the core can change its height and length. For the EHSAPT, the
transverse displacement in the core is (Phan et al. [2])

c <z Zz b 22 c
we(x,z) = 5. T2 wo(x) + (1 -2 wg(x)
2
z z
and the axial displacement in the core

2 2
ue (x, 2) =z(1 —%)fPS(X) +2Z—cz(l —f)uz(x)

2\ I z

) 2
S ()b 5 (14 upw e

4c? 4c?

where w§ and uf are the transverse and in-plane displacements,
respectively, and ¢ is the slope at the centroid of the core. This
displacement field satisfies all displacement continuity conditions at
the face/core interfaces (Phan et al. [2]).

Therefore, this theory is in terms of seven generalized coordinates
(unknown functions of x): two for the top face sheet, wy, u, two for
the bottom face sheet, wg, 15, and three for the core, w§, u, and ¢.

The core strains can be obtained from the displacements using the
strain-displacement relations.

In the following we use the notation 1 = x, 3 = z, and 55 = xz.
We assume orthotropic face sheets, thus the nonzero stresses for the
faces are

th — b 1b. tb — b tb
Oyy = Cll €y s 0 = C13 €xx (33)

Notice that the 6%’ does not ultimately enter into the variational
equation because the corresponding strain €%? is zero. We also

assume an orthotropic core with stress-strain relations:

U;x C‘l?l C(1‘3 0 E)C(x
o |=|Ch G 0 ] € (3b)
T 0 0 G lw

where C,{}b‘”, ij=11,13,33,55 are the corresponding stiffness
constants.

The governing equations and boundary conditions are derived
from the variational principle:

SU+V)=0 “4)

where U is the strain energy of the sandwich beam, and V is the
potential due to the applied loading. The first variation of the strain
energy per unit width of the sandwich beam is

8U = / [/7 oy.dey, dz + / (0¢,8€8, + 05.8€l, + 15,8y5,) dz
0 —c+fp —c
c+f
+ [ otseaz|ar s
and the first variation of the external potential per unit width is

8V = —N'Suble_y — N'Sulle_, — ( / © e (2)6u dz)]a (5b)

—c x=0

where N' and N are the concentrated axial forces (per unit width) on
the top and bottom face sheets, respectively, and 7n°(z) is the
distributed axial force (per unit width) applied to the core (at the ends
x =0 and x = a). In the following, we assume that 7¢ is constant.
Therefore, using Eq. (2b) gives
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fo

: 1 4
/ néuc dz = ﬁcc[g (Sub + Sub) + 3 (Suf) — gﬁwg.x

¢

+ %ngvx] (5¢)

For the sandwich panels made out of orthotropic materials, we can
substitute the stresses in terms of the strains from the constitutive
relations, Eq. (3), and then the strains in terms of the displacements
and the displacement profiles, Egs. (1) and (2), and finally apply the
variational principle, Eqs. (4) and (5) to obtain the governing
equations and associated boundary conditions. These are listed in
Appendix A.

We have also made use of the definitions of the axial stress
resultants of the top face, bottom face, and core per unit width,
respectively, N**, and these are defined as

c+fi
Mm=/ 0 dz = Cly £l

ww=f6¢@=%ﬁ¢ (6a)
—c—=fp

R R

(ug,x + 4”6,){ + ub.x + %w(t).xx - % wg.xx) (6b)

C
cCy,

3

where the nonlinear axial strains €%? are given in Eq. (Ic). The
expression (6b), however, is based on the assumption of linear strains
for the core. When nonlinear strains are included in the core, the
following term is added to Eq. (6b):

NI(\}L = % CT1[2wg\w6x - wg,xw(t).x + 2(wg,x)2 + 2w6,\w6x
+ 8(w§ )? + 2(w )] (60)

Also, M"< are the moment stress resultants of the top face, bottom
face, and core about their own centroids per unit width, respectively,
and are defined as

c+fi ;
M’(x) = —[ O',f:x (Z —Cc— %) dZ = Cil % w(t).xx (6d)

e 3
Mb(x) = —/ ; ob, (z +c+ %) dz=¢Y, {—;wé’m (6e)
—C—Jp

2cCiy
3

M == [ otizdz =278 wf — 205+ wp)

2Cf,
30

[86¢6.x + 6(”6» - Mg,x) + 3(fbwg,xx + ftwg),xx)] (6f)

Again, the expression (6f) is based on the assumption of linear strains
for the core. When nonlinear strains are included in the core, the
following term is added to Eq. (6f):

C2

My =3

C?l (wg.x - wz‘)x) (311)8"\, + 4w6.x + 3w6<x) (6g)

Finally, V¢ is the shear stress resultant of the core and is defined as

c C
Ve = / ¢, dz = C4 |:(u6 — M(b)) + 3 (w{j_x + wf,)

C

1
+ E (fbwg.x + flw(tlx) + 8CU)6‘){| (6h)

III. Three Solution Approaches for the Global
Buckling of a Simply Supported Sandwich Beam

An elasticity solution exists for the critical load of a sandwich
beam undergoing compressive loading (uniform axial strain loading)
Kardomateas [5]. The goal of this paper is to determine the critical
load for a simply supported sandwich beam using the EHSAPT, and
to compare its solution, as well as other sandwich panel theories, to
the elasticity solution. Three solution approaches were pursued using
the EHSAPT: 1) loading applied on the face sheets and the geometric
nonlinearities for the core are neglected, i.e., linear strains assumed
for the core, 2) uniform strain loading through the entire thickness
and, again, linear strains assumed for the core, and 3) uniform strain
loading through the entire thickness and the geometric nonlinearities
for the core are now included, i.e., nonlinear strains assumed for the
core. The following sections outline the solution procedures for
determining the critical load using these approaches for a sandwich
beam/wide plate of general asymmetric geometry and material
configuration.

A. Case (a): Loading on the Face Sheets with Linear Axial
Strains in the Core

In this case, N’ and N’ are applied on the top and bottom face
sheets, respectively, such that the axial strains are equal on the top and
bottom faces, and the net axial loading per unit width on each side of
the beam is —P.

Imposing the condition of the same axial strain and the condition
that the sum of the loads per unit width on the top and bottom face
sheets equals —P provides two equations for the unknown axial
loads, which are found to be

Ni=—k'P;  N)=—«'P (Ta)
where
o = ai\f, b_ anfp (7b)
aify +alif ayfy +aif
and ai; = 1/E} is the compliance constant of the corresponding face

sheet (i = t, b).
The critical load for an asymmetric geometry and material
configuration can be determined using the perturbation approach:

N'(x) =N,(x) +ENj(x)  (i=t.b.c) (8a)

uh(x) = u,(x) + guj (x)  (i=1.b) (8b)

wi(x) = Ewi, (x), Mi(x) = EMi(x), (i=tb,c) (8c)

uo(x) = §ug,(v),  ¢h(x) =& (x),  Vx) =EVix)

(8d)

The additional subscript p stands for primary, or the prebuckled
state, while the additional subscript s stands for secondary, or the
perturbed state, and £ is an infinitesimally small quantity.

By considering Eq. (7) and substituting the displacements, the
stress resultants on the face sheets, Eq. (8a), can be written as

N' = —'P + £(CY, fiu ) (i=1b) )

We assume global buckling modes for the simply supported beam,

as follows:

t.b.c

X X
__ gyrtb.c . c — be
ug, = U;”* cos P Pi, = P cos P (10a)

wiPe = Wib< sin (10b)

Substitution of the secondary terms into the buckled state
equations leads to seven algebraic equations, and these are
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Suy: Ug( 30¢ - C5s + 35ﬂ22 Cil) + U&z(_%cgs + ig 2 CTl)
ol o) o e
+%Cgl)+wb( 7]; 5 C§ =5 )+W‘ f
+ W (3;2;? Sy + 1t g) =0 (11a)
0’ (70*0ﬁl )+U°(1];[3C(“_”g)

+ ‘DL( ;]; z‘ Cly—n4 Z) + U0(3§?3 Ci + Z’?g)

s cfufimt s
CS,—B.—=
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+ Ws _3_C33 m— P + W KP?"'QC}S

3cfin St , 7[2) o

t—s T B CT|+12 4Ct|1 '7867 (11b)

4 2cm (8 . 16¢7? .
Sug: Ug(_§C§5 + 15a chl) + U6(§C55 +te 7 15482 Cll)

4 . 2cm? nw cfym
+U‘3( 35 T s, ZC”) +W3(%_ 15ba3 Cii

c i L
+W0(1];’3C§1—n67)=0 (11c)
Y Yot A (Yor
35U §C55 3542 Cll + @f ?Css +ch
4 . 20 fym’ ny
+ Ué(_ECSS 35a% C“) +Wb( 350 T 4
4 2 3 t
+ Wg,,( Cfa‘”) + W{,(ZJ;;Z c, —%) =0 (11d)
() (5) ()

4 bt (8 .. l6ca?
—Wg(§C33 +;—z) +W0(§C33 t 52 Css)

4
—W’(S cgg+";2 ):0 (11e)

cC5*+35 2

4 (4 2c27r
7
+U’( 3OCC55+35 ZCTI)

3cfpm? .
+W”( 351’3 cs, —

CTI +fb 2 C‘Iljl)

cf,m b4
+ W5(76a3 Cii+ n;;) =0 (11f)

3cfym’ . b4 A c<f . b4
SW(I;:U(I;( 35b3 Ci — 7725)+U0( 15173C11 ’72)

[ fp? cfym® T
+q)6n( 3523 C(l]_nzl )+U0( ba‘ Ch—'lé’g)

70a3
—n’gZ—j)+Ws(—%C§3 né’”z)
(@A)

Notice that the loading P (eigenvalue) appears in the Swqt
Eq. (L1b) in the term W}, and in the Sw} Eq. (L1g) in the term W¢.
The equations can be cast in matrix form

2
{1~ % 6} vy = o (12)

[K;c]isa7 x 7 matrix involving material stiffnesses and sandwich
dimensions, and each element is given in Appendix B. The subscript
LC denotes that the sandwich system has linear strains in the core.
Later in the paper another matrix, the Ky, - will represent additional
terms that account for nonlinear axial strains in the core. The loading
vector is represented by |G,| =10,0,0,0,«"P,0,«'P], if the
equations of the system are written in the order of Eqs. (11a-11g),
respectively. Seven unknown displacement amplitudes make up the
vector {U} = |UE, U§, ®5, Uf, W, WS, Wi ™. The critical load is
determined by finding the value of P for which the system has a
nontrivial solution, or finding P by zeroing the determinant:

2
det{[KLd - LGaJ[I]} ~0 (13

B. Case (b): Uniform Strain Loading with Linear Axial Strains in the
Core

In this case, both face sheets and the core have the same axial strain
€p = Oy, /Cy for i =1,b,c, and imposing that the net stress
resultant per unit width at each end is —P, gives

- ~ - P
N'=—«'P; N'=—«"P;  i°=—x"— (14a)
2c
where
b e
P ay,ay, f,
= b ’
ay,ay 2c + ayyaf f, + ay, a5, f
. e
b _ ay,a51fp (14b)
afay2¢ + afyas, f, + aj a5, f,
t b
o ajaf,2c (140)
afay2¢ + afyas, f, + aj i, f
and a}, = 1/E! is the compliance of the top or bottom face or core
(i=tb,0).

When a uniform strain exists in the core, the face sheets have a
nonzero transverse displacement at the primary state, which is due to
the Poisson’s effect on the core during compression (as opposed to
the previous case). Thus, the top and bottom face sheets have primary
state transverse displacements that are equal, yet opposite in
direction, i.e., w, and —w,, respectively; furthermore they are
constant along x. Moreover, when the loading is uniform strain, the
axial displacement at the primary state in the face sheets and the core
is the same, denoted by u,,. Therefore, in this case the displacements
in the perturbation approach are

uh(x) = u,(x) + uf (x)  (i=tb.c) (15a)



Downloaded by Georgia Tech Library on October 28, 2012 | http://arc.aiaa.org | DOI: 10.2514/1.J051454

PHAN, KARDOMATEAS, AND FROSTIG 1711

95(x) = £, (x) (15b)
wh(x) = w, + §wp,(x) (15¢)
wh(x) = Ewg (x) (15d)
wh(x) = —w, + Ewg, (x) (15¢)

Since the axial stresses at the primary state are

. . w
i — (i P— c (¢ c P
Ovip = ClilUp s i=t,b and of,, =Cu,, + Cj;—

c
(16a)
the following relations hold true at the primary state:
C[llfrup,x = _K[P; C}I)lfbup,x = _KhP
2Cw, + 2¢Clyu, , = —k°P (16b)

These relationships are also confirmed by solving the prebuckling
state equations.

Substituting these displacements into the EHSAPT governing
equations again, leads to the same system of equations as for case (a),
but this time the «"* are given by Eq. (14b) and include the
contribution of the core.

Therefore, the critical load can be determined by solving the
buckled state Eq. (11), which can be set in the form

2
(.- T 16} w1 = 0 (17

where [K; ] is the same as that given in case (a) because the core still
has linear axial strains, but now |G,|=[0,0,0,0,k*P,0,«'P|
where the ks are those given in this section, Eq. (14b). Note that even
though there is a distributed axial load on the core, n° = —k°P/(2c),
it is not present in the loading vector because nonlinear axial strains
in the core were neglected. Again, the critical load is determined by
solving the value of P, which gives a nontrivial solution to the
buckled state equations, i.e., by zeroing the determinant:

2
det{(Kucl = 53160 =0 (a7)

C. Case (c): Uniform Strain Loading with Nonlinear Axial
Strains in the Core

If the nonlinear axial strain in the core is considered, the axial load
appears in the “buckled state” equations for the core as well. The
nonlinear axial strain for the core is

€66 2) = u(2) 5 0 e P 18)

and involves many terms if expanded out in terms of the generalized
coordinates. We would like to note that the solution procedure for this
case becomes quite complicated because both primary and
secondary generalized coordinates appear in the buckled state set of
equations. Later in the paper, the results section will show that the
extra work required to solve both sets of equations did not make
significant gains in accuracy. We shall summarize the solution
procedure for this case, which involves the perturbation approach
with the same assumed deformation as in case (b), and neglecting
higher-order terms of £. The resulting buckled state equations is

2
(il + - TGl =o a9

where [K; ] is the same as in cases (a) and (c), and [K, ] contains
the additional terms that account for nonlinear axial strains in the
core:

2
s .
KNLC = ? (CC(H Upx

00 0 0 O 0 0

00 0 0 O 0 0

00 0 0 O 0 0 (19b)
+Cjhw,)|0 0 0 0 0 0 0

0000 &

0000 4 E

L 15 15 15

Note that [Ky; ] depends on the primary state displacements, in
particular, on u,,, (the x-derivative of the uniform axial
displacement) and w,, (the uniform transverse displacement of the
top face sheet due to the Poisson’s effect in the axially loaded core),
see case (b). The solution to the primary state displacements can be
obtained by solving the prebuckled-state equations and are

K'P kPP kP
=——X=———Xx=— X 19¢
ETe T T T, (15
cCi;
w,=— c, U, (19d)

Now that the nonlinear axial strain of the core is considered, not only
the loading on the face sheets but also the loading on the core appears
in the force vector:

G, =[0,0,0,0,«'P,k°P, k" P] (19¢)

Again, the critical load is determined by solving the value of P, which
gives a nontrivial solution to the buckled state equations, i.e., by
zeroing the determinant:

2
der{ Kicl + (Kol = T3 G0} =0 19

Finally, it should be noted that the solution procedure results in a
usual eigenvalue problem and subsequently zeroing out a
determinant. For cases (a) and (b), this results in a characteristic
equation that is quadratic in P, and for case (c) it results in a cubic
equation in P.

IV. Results for a Symmetric Sandwich Configuration

We consider a sandwich configuration with symmetric geometry
(f, = f, = f) and same face sheet material, leading to the loading
condition N' = N® = —P/2 on the top and bottom face sheets for
case (a) (loading on face sheets) and N' = N” = —«/ P and 7i° =
—k°P/(2c) for cases (b) and (c) (uniform strain, linear, and nonlinear
core, respectively), where the «s are given in Eqs. (14b) and (14c).

Two material system sandwich configurations will be considered:
1) carbon/epoxy unidirectional faces with hexagonal glass/phenolic
honeycomb, which represents a sandwich with a very soft core (axial
stiffness of core very small compared with that of the face sheets,
ES/ E{ < 0.001) and 2) e-glass/polyester unidirectional faces with
balsa wood core, which represents a sandwich with a moderate core
(ES/E} on the order of 0.01). The moduli and Poisson’s ratios for
these materials are given in Table 1.

The total thickness is considered constant at h =2f+
2¢ = 30 mm, the length over total thickness a/h,, = 30, and we
examine a range of face thicknesses defined by the ratio of face sheet
thickness over total thickness, f /5, between 0.02 and 0.20.

The results will be produced for 1) the simple sandwich buckling
formula by Allen [6] (thick faces version), which has been proven to
be the most accurate among the simple sandwich buckling formulas,
and which considers the transverse shear effects of the core, 2) the
HSAPT, which takes into account the core’s transverse shear and also
the core’s transverse compressibility effects but neglects the core’s
axial stiffness effects, and 3) the present EHSAPT, which takes into
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Table 1 Material properties, with moduli data in GPa

Material constants ~ Graphite epoxy face E-glass polyester face Balsa wood core  Glass-phenolic honeycomb core

E, 181.0 40.0
E, 10.3 10.0
E; 10.3 10.0
Gy 5.96 35
Gy 7.17 45
Gy 7.17 45
Vi 0.40 0.40
Vi) 0.016 0.26
Vip 0.277 0.065

0.671 0.032
0.158 0.032
7.72 0.300
0.312 0.048
0.312 0.048
0.200 0.013
0.49 0.25
0.23 0.25
0.66 0.25

account all three effects, namely the core’s transverse shear and
transverse compressibility effects as well as the core’s axial stiffness
effects. The benchmark values are the critical loads from the
elasticity solution (Kardomateas [5]). The global critical loads for the
Allen [6] thick faces formula and the HSAPT are given in

Appendix C.
The results are normalized with the Euler load Pg:
7.[2 f3 f 2 C3
PEO:¥2|:EfE+E,«-f(E+C) -I-EC?] (20a)

Figure 2 shows the comparison of the theories to elasticity for the
case of soft core and length ratio a/h, = 30, as an error %,
calculated as

P P

cr,theory

P

crelasticity %100 (20b)

cr,elasticity

Error % =

We can see that the errors are of the order of +0.5%, very small,
i.e., for this sandwich configuration all predictions are very close to
the elasticity. For this material system, the Allen thick faces formula,
the HSAPT and the EHSAPT cases (a) and (c) are all conservative
and give practically identical results for the entire range of face sheet
thicknesses. On the contrary, the EHSAPT case (b) approach is less
conservative and even becomes nonconservative for the very small
ratios of f/h. It should also be noted that the critical loads are
significantly less than the Euler critical load, thus showing the
importance of transverse shear in sandwich structures.

Figure 3 shows that for the moderate core sandwich and length
ratio a/h, = 30, the theories diverge as the face sheet thickness
becomes thinner compared with the overall thickness of the
sandwich cross section. Allen’s formula and HSAPT give almost
identical results and are the most conservative and can be as much as
15% below the elasticity value. The EHSAPT cases (a) and (c) are the
most accurate, within 1% of the elasticity value, and on the

%Error

0.4 T T T
0.2 |------55----EHSART; Gase-fb) -----t---nnnemeeenes e — .
2 z z
N EHSAPT, Cases (p) and (c) :
N : : g |
P AT
L3
e E"*

—&— Elasticity
-B— EHSAPT, Case (C)
—© — EHSAPT, Case (b)
--X--EHSAPT, Case (a)

- -+- -HSAPT
- &—Allen
-0.6 L L
0 0.05 0.1 0.15 0.2

f/hyo

Fig. 2 Percent error (from elasticity) for the critical load of the various
theories for the case of soft core and length a = 30h,,,.

conservative side. The EHSAPT case (b) is quite nonconservative,
and can be as much as 40% above the elasticity value, i.e., it is the
most inaccurate. This result shows the importance of including the
nonlinear axial strain in the core for the actual uniform strain loading
solution. However, it is also remarkable that the simplified approach
of case (a) is identical to the most complex EHSAPT approach that
has been considered, case (c).

Figures 4a and 4b show the effect of length for the moderate core
configuration, i.e., results for a/h,, = 20 and 10, respectively. For
these shorter beam configurations, the EHSAPT cases (a) and (c) are
consistently close to the elasticity solution for the entire range of the
face sheet thicknesses, and stay within about 1% error, i.e., the most
accurate. The other theories all diverge from elasticity for small
f/hy. The Allen [6] thick faces formula and the HSAPT are again
identical and most conservative, and the EHSAPT case (b) is again
nonconservative and most inaccurate. Moreover, as the beam length
decreases, in all cases the predictions become somewhat less
conservative. For the soft core configuration the EHSAPT, HSAPT,
and Allen formula all predict practically the same critical load for all
three length cases examined.

Thus, we can conclude that, when we deal with the critical load of
sandwich structures, the present EHSAPT produces results very
close to the elasticity for a wide range of cores, as opposed to the
other theories of formulas, which seem to be accurate only when the
core is very soft. It is important, however, how this theory is
implemented, in the sense that this high accuracy is obtained for
either case (a) or case (c), but not for case (b).

An argument that explains the apparent inaccuracy of case (b) can
be made as follows: In case (b), loads are distributed to both the faces
and the core, but the load vector G, has only the stress resultants from
the faces and does not have a contribution from the core, thus the
loads of G, would sum to a value less than the applied load P. On the
contrary, in case (c), the load vector G, has stress resultants from both
faces and the core (because now nonlinear strains are considered in

1.4 S ! T

—o&— Elastidty

' -E— EHSAPT, Case (c)

D R S —o— EHSAPT, Case (b)

: VUTUEHSAPT Case (B) || - -x- - EHSAPT, Case (a)
v : -+ -HSAPT

- #— Allen

P/Pg,

0.9 EHSAPT, Cases (a) and (¢)

1 i i
0.8 0 0.05 0.1 0.15 0.2

f/hyo

Fig. 3 Critical load (normalized with the Euler load) for the various
theories for the case of moderate core and length a = 30h,,,.
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1.4 T T
: : —&— Elasticity

+- - HSAPT

. -+=— EHSAPT, Case (c)
: : —©— EHSAPT, Case (b)
--X--EHSAPT, Case (a)

E;HSAPT, Cases (a;) and (c)

0.8 0 0.05 0.1 0.15

f/hyo
a)

1.3 T T
: 3 —&— Elasticity
-8— EHSAPT, Case (c)
—> — EHSAPT, Case (b)
-=X--EHSAPT, Case (a)
- -+- -HSAPT

1.2

1.1 \

1

0.9

P/Pg,

0.8

0.7

0.6

0.5
0

b)

Fig. 4 Critical load (normalized with the Euler load) for the various theories for the case of moderate core and a) length a = 20k, and b) length

a = 10h,;.

the core) and these stress resultants would sum to P. In case (a), loads
were only applied to the faces, so although the load vector G,
contains only the stress resultants in the faces, these would again sum
up to P.

Finally, a common observation in all these plots is that the Allen [6]
thick faces formula and the HSAPT give almost identical predictions.
In fact, it can be proven that the HSAPT critical load resuces to that of
the Allen thick faces formula if only transverse shear effects are
included (i.e., the HSAPT applied without the core’s transverse
compressibility effects). This derivation is outlined in Appendix C.

V. Conclusions

The governing equations for the EHSAPT, which takes into
account the axial, transverse, and shear stiffness of the core were
presented. The buckling equations were subsequently derived. Three
different solution procedures were formulated using EHSAPT: case
(a), in which the compressive loading is applied on the faces and the
core strains are assumed linear; case (b), in which a uniform
compressive strain is applied and the core strains are assumed linear;
and case (c), in which there is again a uniform compressive strain
through the thickness but now the core strains are assumed nonlinear.
The perturbation approach was used for determining the critical load
of a simply supported sandwich beam with a general asymmetric
geometry and different face sheet materials. A simple case study of a
symmetric geometry and same face sheet material sandwich
configuration was used to compare the predictions of the simple
sandwich buckling formula by Allen [6] (thick faces version), the
HSAPT and the present EHSAPT. Sandwich configurations with a
soft core and a moderate core were analyzed.

The following conclusions are drawn by comparing the critical
loads from these different theories with the benchmark critical load
predicted by elasticity:

1) The EHSAPT cases (a) and (c) are nearly identical for both the
soft core and moderate core configurations.

2) For the soft core sandwich configurations (Ef/ E{ < 0.001) all
three theories (Allen [6] thick faces formula, HSAPT, and EHSAPT)
predict the critical load within 1% of the critical load from elasticity.

3) For the moderate core sandwich configurations (E¢/ E{ > 0.01),
the EHSAPT cases (a) and (c) are consistently within about 1% of the
critical load from elasticity. On the contrary, the Allen [6] thick faces
formula, the HSAPT, and the EHSAPT case (b) diverge from elasticity
for smaller f/h,y. But the Allen thick faces formula and the HSAPT
diverge to more conservative values whereas the EHSAPT Case (b)
diverges to more nonconservative values for the smaller values of the
ratio f/hy (i.e., thinner faces). The latter is also the least accurate and
can be in significant error for these small £/, ratios.

4) It is important how the compressive loading is applied, in the
sense that loading the faces and assuming a linear core gives almost

identical results to the most complex case of uniform strain loading
and a nonlinear core. However, assuming uniform strain loading with
a linear core gave quite inaccurate results for moderately stiff cores.

Appendix A: Governing Equations
and Boundary Conditions

The variational principle (3) leads to the following governing
ordinary differential equations and associated boundary conditions:
Top face sheet:

. , 4 . 2c2 92
Sup: — NI — §C55 + ”3 o

7 c 82 4 02
(30 C§5+ C”a ) (§C§5+ s, ) g

T ax?
47 . 6c 0? , b 0 cfy ad b
+(ﬁcss‘gcnﬁ)” (" 70 Ch F)wo
owg 0 3cf 0?
+/31 ¢+ (nga—?‘qlﬁ)wg:o (Ala)

and

9 c? 03
Suts — Nywh + Moy = Nl + (g + S s o

a cf . a cfi . 9\ .
+(—7723_+ ’Clla ) b"‘(ﬂga‘*‘l_slcnﬁ Uy

LN

0

3cf, . P L P
3slcua 3)”6“‘ (6_cc33 +'82W

L chfi . @ 4 AW

140 Clrg s+ 730G+ g s
7 0*  3cf?

+(6 Cis ¥ Mg T 7otccla )w{):O

(Alb)

X X 4 ¢ 9
Su§: — N + (—§C§5 +§Cﬁ1 W)ug
8  dc¢ 9 i 4 c 0
a  cfy . 93 d  cfr . 03
—(ngag Tobcl]ﬁ)wg—’—(ngaa—}_liotcllﬁ wp =0
(A2a)
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5

9 . ¢ 9? 9 . & .0
+(§C§5 C?la )b (_§C§5 +*C?1W)”(’)

3 c? 93 0
+( 714a_+ic ) —2cpy wO

. 8c 463 0?
8 VE + MG + ( Css + (& X 2)%

ox 14 Maxd
3 2 3
+( Mia g a + lf’Cha )w6=0 (A2b)

and
d ~(du u
sus — Vi -8, 54 5, - (G- 58)

02 8 4c 02 .
(3c C5 — b, py) )wg + (3 5 + Cgs Fps )wf)

4 A
— zcl%—?’haﬁ l,UO:O (A2C)

Bottom face sheet:

—d

4 2c? 92
Suy: — N5 + (gcg5 +—C~1W)¢5

X
9 3cf, . ® o
+ (-t “C 7) 65— B axo
a c 9?
+ Uéa—%Cﬁ?)wB:O (A3a)

and

d 2f
suts —Nywh, -+ Mty —Nouf + (g + S o
" X

(koD ek fad)s
+(”a% %’ '383)

(et i e

+( %C§3+n7 aajz)wé

+(6%C§3+ﬂ233—; Cﬁg’cﬁa )w6=0 (A3b)

The following constants, which were used in the governing
Eqgs. (A1-A3), are defined (i =1, b):

. 1 17
Ny =-—C55 + ( f’)C (Ada)

30 30 60

CL (19 4TfN
1= 739 ]3+(30+6OC)C55

;de de 21\ .
ny = EC +(E+ S)Css (Adb)

C 2f; » i fi C 2c  fi c
_§C12+(3+3C)C557 ’77:_§C13_(E+§)C55

(Adc)
P Lf; . 4c  19f; 47fi2
s =35 €y (15 *30 T 120c
) ) 2¢ X
Nig =Ny — (? +f i) Css (Add)
i c i i _2e+3fi i
Nea = Ci3 — N> Ma = TCSS + 17
i llf’ c
Nga = 60 —=Cf3 — g (Ade)
and
2 c C
/31 = g(cld + C55) (A4f)
fb+ft c fh+f[ 7f1;f1
= o+ (= - ce A4
b=t {56 1200 (Ade)

Ateach end there are nine boundary conditions, three for each face
sheet and three for the core. The corresponding boundary conditions
at x = 0 and x = q, read as follows:

For the top face sheet:

1) Either uf, = 0 or

1 2C2 c C c 2 c
N'+ 35 Ciy )¢5, + 35C11 ”0x+ 15C11 ug
6 c 1 c Cf c 2 c C
+ (35Cll)u0)c+ (ECIS bC“a )wg—§C13w0

¢ 3cf, C 9’ t
+(30c13+ 35 Clige ¥ =N+ 3

(A5a)
where N' is the end axial force per unit width at the top face. 2) Either
Sdwh=0or

2(2¢ + 3f,) . zf . .
thss‘i' 'Cna o

2 1, . 2(c+ f,
[< Cﬁocf)c%_ic(”a_] ) [(CSCJ)C%

cf 02 . (38c +47f) .. 3cfi . 0?
+7[C113 ] +|:TIC55 ’Cna

+[(fb . ﬁz) 8y ehfic ¥ ]wb .

Ntw(t).x _M,['c - |:

60 140 Mo |0 T gy

+|:t bl 3cf2CC

9
Mo~ 0 Cl13,3 ]wO—O (A5b)

3) Either dwj,, = 0 or

Efr e \ e f i :
M + ( BSZC?I)qu)x + (7(; C?I)MOX + (1; Cﬁl)u(c)x
3cf, ¢ ‘ S » cfofy ( h
+(35 CII)MOJ—’— 60C13 140 Cna

fi e 1f . 3cfi . ncf
(5’C13 wj + 607C13+ tCna wy = 6t

(A5c)

where M is the end moment per unit width at the top face (at the end
x=0orx=a).
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For the core:
1) Either u§ = 0 or

" C c 4 C C c
NL_(ECU)"‘ (ISCII)MO,\_(gcll)M(t).x

c Cf C az c Cf c
+( Cis + hClla 2) ( Ci; + [Cna )wf)

47
- ’;C (A62)
2) Either 6¢§ = 0 or
i 4c 2 2
- M- (35 Cil)%x (7C611)“3.x_(7ci1)”6<x
2¢c . fy . 0 e .
_(?CB"’ hClla )wg_{—?ClSwO
2c c?
(Sc;3+ f’cgla )wgzo (A6b)
3) Either w§ = 0 or
8¢ .3 3 (2c+3f,) , 4c
[_¢0+§u8_§u6_le6,x_15w0x
2¢+3
_Qe+37) ;LO f) wg,.x}cgs —0 (A6e)

For the bottom face sheet:
1) Either 8u} = 0 or

2¢ 6¢ 2¢
NP — (35 Cfl)%x (35 Cfl)“m"’ (15 CT])MOX
. . 3cfy . 2
+(35C11)M0x_(30C13+ 35bC113 )w0+5C13w0

cfy ~, n‘c
—Ch +==C{ — =N A7
+ ( 300 + 70 S g2 ) +— 3 (A7a)

where N is the end axial force per unit width at the bottom face;
2) Either Sw} = 0 or

2(2c +3
th(lix_M.bx_ (2c fo) Css +L L Cfl ¢0
15 ox?
(38c +47f,) . | 3cfy .
+ [_ 60c : Css + 35h C11 2 Mé’
20+ 13) e, b e (=2c+7f}) ..
+[ 3¢ : C5‘+_bc“a ot 60c = Css
foce 2, p, 0 _3¢fi b
70 C”axz]”oJr a9 ™ 770 C“a o
d f L o]
_ b~ t e t o -
("7 ax)w°+[(6ocl3 ﬂz) ax T a0 1 ax3 Wy =0
(A7b)

3) Either §w}, = 0 or
&2
b i c C 3th c @ c c
M +(35 i )4’0‘;( (35 Cll)” (15 Ciy |4

fy 11f 3cf 9
- (770]] Cl’])”(t).x + (67()b i3+ =L Cliss 2 w(b)
o fo o cfofi c 32 - n‘cf,
5 Chawo + (60C13 a0 g )P =g

In the above equations, the superscript”denotes the known external
boundary values.

(A7c)

Appendix B: Elements of the [K; ] Matrix

The [K; ] matrix is symmetric and has the following elements k;;
ij=1,...7:

47 6cm? 7’
ki = 30¢ 55 +35 5 Ci +C|1fb P
4 - 2em?
k|2:_§C(55+15 2C|1 (Bla)
4 2¢2n? 7 . . cT
k13=§C§5 3542 Cins k14=_ﬁC§5+Wcll
(B1b)
3cf,m? b4
ks =— 35b3 Cfl_nz 16:_Eﬂ1
k cfim C‘ B1
17 = 7047 U +772 (Blc)
8 16¢7?
ky, = §C§5 T2 Ciys ky =0; ky =k, (B2a)
cfpm
kys = — 15ba3 Cfl“‘ﬁg_’ kys =0
cf,m? T
ky; = ﬁcﬂ — 16 a (B2b)
8¢ 16372 4 2022
k33 _?Cés 10522 Ciis kyy = 5C55 3542 Ch
(B3a)
fpm’ 7 dcBim
kss = 3545 Ci == ks = 3a
Afm 7
ky; = —35;3 Ch - ’httg (B3b)
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cfpm’ . T
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7 3efmd 7
ks = B ;§ ky = 35;3 i+ 713; (B4b)
7 3efimt St ?
kss = a% + 7024 (& "‘ﬁcﬁ - 71187
4 LT
kse = _§C33 —ha (B5a)
1 cfufimt 7’
ks = o 3rﬁcn—ﬁz? (B5b)
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Appendix C: Critical Load from HSAPT and
Allen’s Buckling Formula

The sandwich buckling formula of Allen [6] (thick faces version)
considers the shear stress in the core, and neglects the axial and
transverse stiffnesses of the core. The critical load for global
buckling from this formula is given in Allen for a symmetric
configuration as

P P
1| 4 Per _ Per
+ Pe  PcPpy

Peatien = P (Cla)
All =g I;Ef — ;;F_:
where
e[ fQe+f)
Pp=E;=>|—+———— 1
E2 11 az |:6 + 2 ] (C b)
7 f? Qc+ 1)’
Ppy=Ep 26" P.=Gg e (Clo)

i.e., Py, represents the Euler load of the sandwich column in the
absence of core shear strain with the bending stiffness of the core
ignored, but with local bending stiffness of the faces included; P,
represents the sum of the Euler loads of the two faces when they
buckle as independent struts (i.e., when the core is absent), and P.,. is
the contribution to the buckling load due to shear.

The critical load from the HSAPT is found from solving for the
load P in the governing equation for the nontrivial solution (Frostig
and Baruch [3]):

p _ 272 [(EA)(ED) (2¢) 817 + 6E5GS, 8,4°]
HISAPT T (EA) G5, (20)*n* + 12(EA) E5(20)m*a® + 24E5GS, a*
(C2a)

where EA and EI are, respectively, the axial and bending stiffnesses
per unit width of a sandwich beam that is geometrically uniform
along the span, i.e.,

Ef 3
EA=E[f, El= 1‘5

(C2b)

and we have defined

2
: m :
81 =G5 (20)2; + 12E5

g, = (EA)f? + 2(EA)(2¢)f + (EA)(2¢)* + 4(EI) (C20)

This original formulation of the critical global buckling load of
HSAPT can be algebraically manipulated by making use of the Allen
[6] thick parameters above to appear in the following form:

2GS | (Pey Pl
1+ [1 + 125;’2]2 ](T( T PP

(20)°G§,7* | (Ppa—Pgp)
1+ [1 + 73‘} Lol

12E5a?

(C3)

Pcr,HSAPT =P

Thus, when Ef goes to infinity (an incompressible core) the
P ysapr approaches the P, 5y, formula.
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