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Abstract—Crack initiation and early growth in asymmetric fully plastic plane strain configurations in
power-law hardening materials is investigated numerically via the finite eclement method. In such
asymmetric configurations a single shear band is present instead of the two shear bands of the symmetnc
case. Results for two strain hardening exponents, n = 0.12 and n = 0.24, indicate that cracking occurs at
an angle of 39-43° from the transverse, smaller than 45° due to the higher triaxiality. The direction of
cracking is closer to 45° for lower strain hardening exponents and is within 2° of experimental values.
The stress and strain field is consistent with the singular power-law, extended for Mixed Modes I and
11, HRR fields. The far-field displacement vector is not along the shear band but at about 68-70° from
the transversc at initiation. indicating the presence of a Mode I component. Early growth, studied by
successive removal of elements reaching unit damage, results in a crack growth per unit displacement for
the lower hardening case of about twice that of the higher hardening one.

INTRODUCTION

Asymmetric plane strain specimens have been
used [1] to study crack growth along a single shear
band. Such cases may occur when a weld fillet or a
harder heat-affected zone on one side of the crack
suppresses the other shear zone that would appear in
a symmetric specimen. Based on Shih’s extension to
mixed mode [2] of the HRR fields [3, 4], McClintock
and Slocum [5] developed an approximate formu-
lation for the accumulation of damage directly ahead
of an asymmetric crack. The crack was assumed to
follow the center of a 45° shear band and the far-field
displacement was assumed to be parallel to the shear
band. It was found that the initiation displacement
was of the order of the fracture process zone size p.
This solution, which 1s based on pure Mode II
deformation and a superposition of stationary singu-
larities, gave practically no change in crack growth
rate with decreasing strain hardening exponent.
However, tests have shown that the far field displace-
ment vector is not at 45° but is more axial, at an angle
of about 60° from the transverse. In addition, a lower
strain hardening exponent n was found to strongly
increase the crack growth rate. In the problem under
consideration, the nonhardening field consists of a
single slip line at 45° from the transverse. Strain
hardening, however. causes the deformation field to
fan out. The effect of the finite width of the shear
band can be captured with a finite element in-
vestigation. In the following, the finite element
method is used to study crack initiation and early
growth in fully plastic plane strain asymmetric speci-
mens.
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TECHNIQUE

The finite element grid used is indicated in Fig. 1,
with the details of the refined mesh for the first circle
around the crack tip shown in Fig. 2. An increased
element concentration near the 45° line is used to
account for the high strain gradients there. Angular
spacings of 3.75° for four sectors, 7.5° for two
sectors, 15° for four sectors and 30° for nine sectors
are used. Minimum radial size for the 3.75° elements
is p =0.01 mm, the approximate value for the mean
inclusion spacing size. The radial size ratio was
s = 1.155 for the 3.75% sectors becoming s? for the
7.5° sectors, s* for the 15° sectors, and s® for the 307"
sectors. The net ligament of the specimen is
Iy =2.55mm. Eight-node plane strain isoparametric
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Fig. 1. The finite clement mesh.
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Fig. 2. Detail of the finite element mesh around the crack
tip.

elements are used. The mesh consisted of a total of
207 elements with 722 nodes and 1444 degrees of
freedom. The nodes at the bottom were on rollers
with the center node pinned. An axial displacement
with zero shear traction was applied at the nodes of
the upper end. The analysis was carmied on a Data
General computer and the general purpose finite
element code ABAQUS [6] was used.

The mesh was checked by laying out the theoretical
strain distribution for the elastic and low hardening
n=1/13 HRR[3,4] field and comparing with the
assumed (from the chosen 8-node element type) linear
variation of strains within the element. The radial
variation in strain for the elastic solution showed a
maximum deviation of 15% for the first element
around the tip. For the HRR n = 1/13 solution the
deviation was 33%, dropping to 5.6% for the second
clement. The angular distribution in ¢, showed a
maximum deviation of 8% from the HRR for the 30°
sectors. In addition, a circular portion of the finite
element mesh consisting of 16 radially elements at the
finest sectors was tested by imposing Mode I HRR
displacement boundary conditions. The HRR singu-
lanty in ¢4 was reproduced with no more than 5%
deviation in all elements except the first one. where
the maximum deviation was 14% at the first integra-
tion point.

The matenal is modeled as isotropic power-law
hardening: the stress ¢ is given in terms of the plastic
strain ¢’. the flow stress at unit strain ¢,. a strain
hardening exponent n, and a pre-strain ¢, by

6=0,(+€). ()

Two cases were considered, n =0.24, ¢, = 826 MN
m°, yield strength Y =333MN/m’ and n=0.12.
g, =909 MN/m’, ¥ =435 MN/m". .

The fracture criterion of McClintock ¢1 al. [7] is
used, by which it is postulated that fracture due to
micro-void coalescence occurs when a quantty .
named damage. reaches a critical value of unity. The
damage is expressed in terms of a hole growth ratio
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F,. the principal shear strain y, and the triaxiality,
defined as the ratio of the mean normal stress ¢ to
principal shear strain t. In terms of the equivalent
stress and strain

tmo /3 ¥ =3 )

the damage is expressed as
1
n =—[ln /(I +vY)

In F,
¥ . (1 —n)a
+2“_n)nnh( . )] 3)

The critical displacement for growth initiation occurs
when the damage becomes unity at a point (p,0,)
where p is the fracture process zone size and 6, is the
critical orientation. To study the first steps of crack
growth, the element removal technique was used. The
crack was grown by removing elements as they
reached a damage of unity.

RESULTS AND DISCUSSION

The axial displacement, U,, at the upper end was
gradually increased and the damage from (3) was
calculated at each site around the tip. Cracking
occurs when the fracture criterion of n =1 is first
satisfied.

The initiation conditions (critical orientation from
the transverse, 6, critical strain 7, critical triaxiality
a /1, far-field displacement u,/p ) are shown in Table 1.
The crack tip initiation displacement is of the order
of the mean inclusion spacing size as was also found
in [5]. A critical orientation of 39—43° from the
transverse and a far-field displacement vector orien-
tation of about 68-70° at initiation can be compared
with the values of 38—41° for the crack direction and
58-69° for the displacement vector at initiation from
tests [1]. The lower hardening n = 0.12 case results in
fracture closer to the shear band, as found experi-
mentally [I].

To describe the Model I component. a mixity
parameter M* was introduced by Shih [2]. defined in
terms of the near field stresses by

i G (r. 6 =0)
o 6,(r.0=0)]

Mr=

2

4)

tan

The mixity parameter varied from 0 for pure Mode
Il to | for pure Mode 1. This parameter can be
evaluated by using either the initial crack direction
8 = 07 or the final (cntical) one 8 = 0_. giving values
as shown in Table 1. Notice that the above definition
of the Mode | mixity is with respect to shearing and
crack advance at 8 =0 for both the limiting cases
Aff =0or I. In the problem at hand. pure Mode 1 is
crack advance along the line 8 = 0 (corresponding to
the symmetric case) and pure Mode 11 would be
relative deformation and crack advance along the 457
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Table 1. Results of the finite element study

n=012 n=024
Initiation conditions
Critical angle 0, 431" 94
from transverse
Far-field displacement U,lp 2.1 1.8
components Ulp 0.782 0.737
Displacement vector ¢ 69.5" 61.7"
angle from transversc
Displacements u,(x =0,y =0)/p 0.134 0.192
at crack tip u(x =0,y =0/p 0.518 0.564
Principal shear A 0.246 0.327
strain
Triaxiality o/t 2.18 1.995
Mixity parameter:
Mode I mixity, as M?
defined by Shih [2] (rel. to 0 =07) 0.936 0.927
(based on stresses) (rel. to 8 =0,) 0.717 0.710
Displacement based M)} 0.752 0.815
Mode I mixity
Early growth
Far ficld displacement, Au/Al 0.075 0.143
per projected crack advance
(four steps, 1.9% of the ligament)
shear band (nonhardening limit). Alternatively, for for n=1/13, M?=0.79 is near 40°(2]. The

experiments and finite element studies, a definition of
a Mode I mixity in terms of the displacement field is
helpful

tan~" [lim 2 T) = 4 (7, — )
—o u (r,n)—u(r,— ")I.

M7= (%

Values for this parameter are also shown in Table 1.
Notice that for the non-hardening rigid plastic pure
Mode II limit with a single slip line at 6 =45°,
M} =0.5 for the crack at 8 = 0° but M} =0 for the
crack at 6 =45°.

Figure 3a shows the angular vanation of the o,
stress component. The curve 1s consistent with
Shih’s [2] curves and has a maximum near 6 = 65°.
This compares with the case M’ =1,n =113 with
a maximum near 88°. whereas the case of
M? =0 has a maximum o, at 8 =0. Furthermore,
the maximum for n = 1'13. Af” = 0.82 is near 55° and
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Fig. 33. Angular vanation of the shear stress o, at initigtion
(at 7 = 3% of the higament).
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@-variation of ¢4 is shown in Figs 3b and 3c. Of the
two peaks in ¢4, the one for positive 6 is the dominant
one, the other peak tending to vanish during growth
when the Mode I component is reduced {2].
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Fig. 3b. Angular variation of the shear strain ¢,, at initiation
(at r = 5% of the ligament) for n =0.24.
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Fig. 4. Radial vanation of the equivalent plastic strain vs the
one for the HRR singularity at the critical angle.

The radial variation of the equivalent strain along
the critical orientation is of interest. The asymptotic
solution for power-law hardening materials yield
singularities in the stress and strain, respectively, of
the forms r="+" and r~1+1 A comparison be-
tween such a theoretical variation and the finite
element results for the case n =0.12 is shown in
Fig. 4.

Figure 5 shows the axial displacement of the upper
flank relative to the lower flank at the initiation point.
The components of the relative displacement of the
crack tip u,(x =0,y =0) and u,(x =0,y =0) are
included in Table 1. A higher CTOD occurs in the
higher hardening case. Figures 6a and 6b show the
angular variation of the near tip displacement field
for the two hardening exponents n =0.24 and
n =0.12, along with the non-hardening limit. The
latter one, which is the case of pure shear at 457, is
simply

u,=u,=0 forf <45°
u,= Ucos (6 —45°)
uy= —Usin(6 —457) for 6 >45°, (6)
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Fig. 5. Displacement of the upper crack flank relative to the
lower flank.
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Fig. 6a. Angular variation of the near tip displacement field
(at r = 5% of the ligament) for n =0.24.
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Fig. 6b. Angular variation of the near tip displacement field

(at r = 5% of the ligament) for n = 0.12. The vanation of

the displacements for the nonhardening limit is also illus-
trated.

where U = U, cos 457 is the applied far-field displace-
ment along the slip line.

The far-field displacement (displacement at the
upper boundary) components U, and U, at the in-
itiation point are also included in Table 1, together
with the far-field displacement vector orientation
from the transverse, ¢. The value of ¢ =68-70",
instead of 45°, indicates that we cannot consider the
far-field displacement taking place parallel to the
shear band, as assumed by McClintock and
Slocum [5]. We can observe that the displacement
vector at initiation is more axial for the lower hard-
ening case with larger M”. The higher triaxiality for
angles smaller than 45° is the main reason for the
cracking direction deviating towards the transverse.
The triaxiality is smaller for n = 0.24 because of the
smaller Mode I mixity Af*.

Tests have shown that, in the asymmetric case, the
lower hardening alloys exhibit a maximum crack
growth rate more than twice that of the higher
hardening alloys [1]. The finite element mesh ol
Fig. 1 was used to study the early growth. The crack
was grown by successive removal of the most heavily
damaged element. After initiation and removal of the
most damaged element, the far-field displacement is
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further increased until critical damage n = | occurs in
the next row of clements. At this point the next step
of crack growth takes place by removing the critical
clement. After growth by four steps (1.9% of the
ligament) it is found that the average displacement
per unit projected crack advance Au/Al is about 88%
smaller for the lower hardening n = 0.12 case than for
the higher hardening n = 0.24 case (Table 1). An-
other noteworthy result is that the far-field displace-
ment vector U becomes less axial as the crack grows.
For the case n = 0.12, at the end of the fourth step,
the angle of the displacement vector from the trans-
verse is ¢ = 67.6° instead of the initiation value of
¢ = 69.5°. Decreasing ¢ angles with crack growth
have been experimentally observed. During these
steps the critical elements are at the same angular
sector and no appreciable acceleration of the crack is
observed.

CONCLLUSIONS

A finite element investigation of fully plastic asym-
metric specimens with a single slip band, which would
simulate, for example, defects near a weld, has pro-
vided the stress, strain and displacement fields around
the tip. Results indicate the presence of a large Mode
I component with the far-field displacement vector at
initiation not along the 45° shear band but at an angle
of about 68° from the transverse. The initiation
conditions are found by using the fracture criterion
for hole growth in terms of the triaxial stress and the
principal shear strain. The cntical direction is at
39-43°, less than 45° from the transverse, increasing
for a lower strain hardening exponent. Displacement
to crack initiation is about twice the fracture process

1181

zone size. Stress and strain ficlds are consistent with
the solutions for the Mixod Mode extended HRR
flelds. Barly growth, studied by successive removal of
the most damaged clement, results in & crack growth
rate for the lower hardening case of about twice that
of the higher hardening one wlile the angle of the
far-field displacement vector from the transverse is
found to decreasc with crack growth.
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