
J. MrdI. ",ys. Solid>. vol. 43. No.6. pp. &47~68. 1995 
Copyn,J'II !. 1995 Elsevier Scicn~ lId 

Printed iD Great Brilain. All nJllu rcscn-cd 
0022-5096 95 S950",0.00 

0011-5096(95)00012-7 

GROWTH OF INTERNAL DELAMINATIONS UNDER
 
CYCLIC COMPRESSION IN COMPOSITE PLATES
 

G. A. KARDOMATEAS, A. A. PELEGRI and B. MALIK 

School of Aerospace Enrinecring. Georrialnstitute of TechnololY.
 
Atlanta, GeorJia 30332-6150. U.s.A.
 

(Rlcrirrd4 Mtly 1994; ill ~isrdfomr21 J_,,}' I99S) 

ABSTRACT 

The 1T01A.1h of internal delaminations in composite plates subjected to cyclic compression is investigated. 
Due to the compressive loading. these structures undergo repeated buckling-unloading of the delaminated 
Ia)'er 1I.ith a resultin, reduction of the interlayer resistance. An imporunt characteristic of the problem is 
that the state of stress near the delamination tip is of mixed mode. I and II. Equations desc:ribing the 
1T0wth of the delaminations under cyclic loads are obtained on the basis of a combined delamination 
buckling-poil-budling and fracture mechanics model. The latter is based on a mode-dependent c:ritic:al 
fracture energy concept and is expressed in terms of the spread in the enerJY release rate in the pre- and 
post-blK'klina state. It is shown that such a model allows for the accumulation of microdamage at the 
delamination front. The IfOwth laws developed in this manner are intearated numeric:ally, in order to 
produce the delamination 1T0~1h vs number of cycles curves. Funhermore. the investigation includes the 
possibility of unstable delamination I"owth. The study does not impose any restrictive assumptions 
regarding the delamination thickness and plate lenflh (as opposed to the usual thin tiIm assumptions). The 
results shol,. that for a Jiven value ofdeWnination thickness It. the fatigue delamination ,rowth is strongly 
affected by the relative location of the delamination through the plate thickness T. the fatigue gro~1h bein, 
slower for a smaller value of It T (delaminations located closer to the surface). These theoretical predictions 
are confirmed by experimen~1 results that are obtained for the lI'0wth ofdelaminations in graphite~xy 

unidirectional specimens under cyclic constant amplitude compressive loadin,. The test data. .....hich .....ere 
obtained for several different locations of the delamination throuah the thickness (hence different degrees 
of mode mixity). and different applied maximum compressive displacement. senn to ~ I,.ell<olTelated 
with the theory. 

I. INTRODUCTION 

One of the most serious problems associated with laminated composites is the for
mation ofan internal delaminated ione. i.e. two adjacent layers are partially debonded 
at their interface. This occurs most commonly as a consequence of low-velocity 
impact. but it may also be pre-existing due to manufacturing imperfections. There 
may be other reasons that cause delaminations such as vibrations excited by the 
propulsion systems. 

Under compression loading. the delaminated layer may buckle. This local instability 
does not necessarily imply the ultimate load. and usually the laminate is capable of 
carrying on in the post-buckling phase under higher loading. However, the buckling
induced stresses at the tip of the delamination may cause growth of the interlayer 
crack and eventual complete separation of the layer. Besides strength and stiffness. 
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delaminations can influence other performance characteristics, such as the energy 
absorption capacity ofcomposite beam systems (Kardomateas and Scbmueser, 1988). 

The prospect of local delamination buckling, and especially the possibility of 
growtb, detracts from the high potential of composites and needs to be well-under
stood so that composites can be safely used in compressive load bearing applications 
with confidence. This is one of the compressive failure modes, and other frequ.e .. tly 
observed modes include microcracking and k.inking. Accordingly, this subject of 
delamination buckling has become tbe topic of numerous publications over the last 
decade. However, altbough the bifurcation point in the context of a delaminated 
beam/plate has been investigated extensively in both one· and two-dimensional treat
ments (e.g. Chai~, al., J98l ; Evans and Hutchinson, 1984; Chai and Babcock, 1985, 
Simitses~' al., 1985; Wang ~, aI., 1985), the post-buckling behavior has been studied 
to a lesser extent. Furthermore, most studies in the literature have addressed the 
theoretical aspects, while the few experimental ones on delamination buckling have 
focused on static (monotonic) loading (Kardomateas, 1990). Regarding the fatigue 
growth ofdelaminations, Russell and Street (1987, 1988) have performed experiments 
on graphit~poxy specimens under pure Mode I or pure Mode II loading. 

The growth behavior of delaminations has been generally studied by using the 
Griffith-Irwin concept ofcritical fracture energy. A fundamental question is the extent 
to which delamination growth may be adequately represented through simply a mode
independent energy release rate criterion rather tban employing a more complicated 
criterion tbat includes the mode mixity (ratio of Mode II to Mode I). Recent exper
imental studies on several composites bave clearly shown tbat a mode-independent 
approach would be inadequate (O'Brien, 1990; Chai, 1992). 

The practical significance of the problem under consideration is underlined by the 
fact that tbe more or less standard design for aircraft structures consists Qf thin 
skin, possibly strengthened by longitudinal stiffeners or lateral frames. Aerodynamic 
loading induces lateral bending, with one side being subjected to compression. As a 
consequence, delaminations on the compressed part of the structure can undergo 
local buckling, which effectively induces stress concentrations at the delamination 
front. On load removal, tbe delaminated layer returns to its undeflected position 
(unless tbe deflections are very large and the material bas some ductility, which would 
cause permanent plastic deformations). Cyclical loading of compressed panels with 
delaminations (and hence repeated delamination buckling) causes a reduction of 
interlayer resistance as a result of damage accumulation at the tip. Therefore, delami
nations that would not propagate under static loading, may grow and cause failure 
after a sufficient number of compression cycles. 

The problem of determining the post.buckling deflections of a thin debonded layer 
when a plate element is subjected to cyclic compression is geometrically nonlinear, 
and tbe explicit presence of additional parameters with the dimension of the length 
(e.g. the thick.ness of the separated layer) makes it a nontraditional problem of fracture 
mechanics. Additional complications are introduced by the circumstance that the 
process of separated-layer growth may be accompanied by the phenomenon ofelastic 
instability of the entire structural element. 

Chai ~, al. (198 I) presented a one-dimensional model by assuming essentially a 
delamination in an infinitely thick plate. In this model, which bas also been called the 
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..thin film" model, the unbuckled (base) plate is assumed to be subject to a unifonn 
compressive strain. In the general case, the finite plate length and thickness is expected 
10 infiuence the bifurcation point and post-critical behavior of the delamination and 
subsequently its growth characteristics. An additional influence may also arise from 
the end fixity conditions ohhe base plate. To this extent, Simitses el ol. (1985) studied 
the critical load for a delamination of arbitrary thickness and size in a finite plate; 
their results showed a range of critical load vs thin film load ratios, depending on 
delamination and base plate dimensions, as well as base plate end fixity (simply
supported vs clamped). Concerning the post-critical behavior of delaminations of 
arbitrary size, Kardomateas (1989) provided a fonnulation for studying the post
buckling behavior by using elastica theory for representing the deflections of the 
buckled layer; this work resulted in a system of nonlinear equations rather than 
closed fonn expressions. The post-critical behavior was also studied by Sheinman and 
Adan (1987) through a high-order kinematic model, with the nonlinear differential 
equations solved by Newton's method and a special finite-difference scheme. A more 
complete list ofcontributions on the subject including some early papers can be found 
in Stor4kers (1989). 

In a recent paper. Kardomateas (1993) studied the initial post-buckling behavior 
ofgeneral delaminated composites (Le. with no restrictive assumptions on the delami
nation dimensions) by using a perturbation procedure based on an asymptotic expan
sion of the load and defonnation quantities in terms of the distortion parameter of 
the delaminated layer, the latter being considered a compressive elastica. The analysis 
lead to closed form solutions for the load vs applied compressive displacement and 
the near tip resultant moments and forces. An extended analysis considered the effects 
of the end conditions. i.e. clamped-clamped or simply-supported (Kardomateas and 
Pelegri, 1995). In these studies, the bimaterial interface crack solutions for the mode 
mixity and the energy release rate in terms of the resultant moments and forces, as 
derived by Suo and Hutchinson (1990) were subsequently employed. These relations 
are actually simplified because the materiaJ is assumed homogeneous. This post
buckling solution was used in a subsequent study by Kardomateas and Pelegri (1994) 
to study the stability of growth of internal delaminations as well as some other 
important characteristics of the growth process. A primary objective of that work 
was to define the combinations of delamination length and applied strain that lead to 
unstable growth; this would practically cause either contained "jump" growth or 
catastrophic (complete) growth of the delamination. A major conclusion of the 
Kardomateas and Pelegri (1994) study was that delamination growth is more likely 
to be stable than would be predicted by the thin film model. 

In the present paper, the fatigue growth ofdelaminations under constant amplitude 
cyclic compression is studied. Some results are extracted from the earlier post-buckling 
solution of Kardomateas (1993) and they are used in conjunction with a proposed 
mixed-mode cyclic growth law that essentially accounts for the accumulation of 
microdamage at the delamination front during the loading-unloading cycles. An 
experimental program is undertaken on graphit~poxy.with delaminations located 
at different locations through the specimen thickness (hence at different prevailing 
mode mixities) and with different applied external displacements. The configuration 
involves the simple one~mensional through-the-widtb delaminations and can be 
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used as a benchmark configuration for studying the fatigue behavior before further 
extensions to the more complex two-dimensional delaminations are attempted. 

The growth law is a function of the spread in the energy release rate in the pre- and 
post-buckled states and the maximum value of the energy release rate in the cycle. both 
normalized with the mode-dependent interface fractures toughness. The exponent and 
the constant of the growth law are also taken to be mode dependent. The delamination 
growtb vs number ofcycles curves are produced by integrating numerically the growth 
laws developed in this manner. The predictive capability of the procedure is illustrated 
by correlating the data from the experiments. 

2. CHARACTERISTICS OF THE CYCLICLY COMPRESSED 
DELAMINATION 

2.1. Mode mixit)' and energy release rate at the initial post-buckling phase 

The major characteristic of delamination growth is the fact that the fracture path 
is constrained irrespective of the application of the globally-applied loads. hence 
growth is inherently mixed mode. In the present compressive loading problem. the 
initial post-buckling deformations of the delaminated system define the conditions 
for determining the state of stress at the delamination tip. Referring to Fig. I. consider 
a plate of half-length L (and unit width) with a through-the-width delamination of 
half-length I, symmetrically located. The delamination is at an arbitrary position 
through the thickness T. Over the delaminated region, the laminate consists of the 
part above the delamination, of thickness h. referred to as the "delaminated" part• 

2L -----.......----1
 

Fi•. I. A onc~immsional delaminatioD COn.6l\U'&tiOD under compreuioD. 
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and the part below the delamination, of thickness H - T-It, referred to as the 
"substrate" part. The remaining, intact lilminate, of thickness Tand length b - L-/, 
is referred to as the "base" plate. Accordingly, the subscript; - d,s,b refers to the 
delaminated part. the substrate or the base plate. respectively. 

A closed form solution for the initial post-buckling behavior in the general case 
(arbitrary delamination thickness or plate length) has recently been derived by Kar
domateas (1993). The latter is based on considering the buckled configuration of the 
delaminated layer as part of an inflectional elastica with end amplitude 4>~ and 
distortion parameter £. 

This initial post-buckling solution is used in conjunction with the interface crack 
solutions summarized by Hutchinson and Suo (1992). Specifically, for the plane
strain interface crack shown in Fig. I, the energy release rate G is: 

I [pez MeZ peMe ] 
G - 2E Ah + lh) +2JAih2 sin i' , (I)

L 

where Jl is the shear modulus and P* and Me are linear combinations of the loads at 
the common section (from the post-buckling solution). These quantities, along with 
the other constants in (I) are defined in Kardomateas (1993). 

The preceding formula does not separate the opening and shearing components. 
Instead, the following two expressions give the Mode I and Mode II stress intensity 
factors: 

KI - ~[~cosw+ jiP-sin(w+}')]. (2a) 

Kit - ~[~sin w- jiP-COS(w+ i')} (2b) 

The mode tnixity is defined by 

(3) 

Subsituting the asymptotic expressions for the forces and moments from the post
buckling solution, gives the energy release rate and the Mode 1 and II stress intensity 
factors in the form: 

G = £2G(2)+£)(1t)) + , (4a) 

KI.II =£Kg: +£2 Xal + . (4b) 

The other quantity that is needed to correlate with the experiments is the applied 
strain, £0, which is the external "loading" quantity. This is given in a similar fashion, 
as follows: 

(5) 

where £'f.i- 0, 1,2 are again given in Kardomateas (1993). 
Under certain conditions delamination growth may be unstable. Kardomateas and 

Pelegri (1994) examined the conditions for unstable delamination growth. In order 
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to assess the stability of growth, the construction of a G-I curve (for a constant 
applied compression £0 - Eo) or a Eo-I curve (for a specified G - ro) is needed. Let 
us discuss the family curves of the energy release rate, as a function of delamination 
length, G(l), for different values of applied strain £0. For a specified £0 - Eo. the 
conesponding I: is detennined from the minimum (negative) root of the equation: 

Eo" t~ol(l)+41l(/)1:+£~2l(l)~. (6) 

Then, the corresponding energy release rate is 

G(/) = Gl2l(1)£2+G3l(l)£3. (1) 

The delamination growth is stable if the G-I curve has a negative slope, in which 
case the £0-1 curve has a positive slope, and it is unstable otherwise (Kardomateas 
and Pelegri. 1994). Hence, at the applied compression Eo. a "transition" delamination 
length is defined, lin at which a transition occurs from unstable-to-stable delamination 
growth. This point is the peak (or zero slope) point on the curves of energy release 
rate vs delamination length. 

The fonnulation presented hereby is a closed fonn solution, hence results can be 
produced for a variety of configurations with minimum effon. Alternative numerical 
(finite element) strategies have been pursued to investigate buckling-induced delami· 
nation growth such as by Nilsson and StorAkers (1992). These detailed finite element 
studies can provide answers to some of the more complex questions, such as the effect 
of a general anisotropy (rather than pure onhotropy), and possible contact effects 
that may arise after large amounts of growth, and which cannot be handled by the 
present fonnulation. Moreover, they can be used to solve the more complex two
dimensional configurations. A numerical study such as by Nilsson and StorAkers 
(1992) could also provide improved estimates for the delamination tip stress intensity 
factors by relaxing the restrictive assumptions in the interface crack solutions of 
Hutchinson and Suo (1992), which are asymptotic ones for cracks of infinite length. 
However, employing detailed finite element procedures would make for a very 
involved task in studying fatigue delamination growth, since cyclic growth involves a 
continuous change in delamination length and hence requires a very large number 
of different geometric configurations and meshes. For the simple, one-dimensional 
delamination that is considered in this paper, the closed fonn solution of Kardomateas 
(1993) provides an adequate means of capturing the effects of relative delamination 
thickness and delamination length, hence allowing to focus on the mechanics ofcyclic 
growth, which is considered next. 

2.2. Mode-dependent cyclic gro....th 10.... 

Several investigators have analyzed the strain energy release rate G, with respect to 
predicting edge or internal delamination growth. To this extent. a Griffith-type frac
ture criterion is employed and it is assumed that whether funher delamination occurs 
depends on the magnitude of the fracture energy, defined as the energy required to 
produce a unit of new delamination. In mixed mode linear elastic fracture mechanics 
configurations, this quantity is uniquely expressed in tenns of the Mode I and II stress 
intensity factors, K, and K,lt respectively (e.g. HeHan, 1984). 

- . 
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During the initial post-buckling phase. the mode mixity changes with applied strain, 
and depends on the relative delamination thickness hJT. For example. the study by 
Kardomateas (1993) has shown that a higher Mode I component is preSent with 
delaminations further away from the surface. The mode mixity also changes as the 
delamination grows. Results that follow in the next section show clearly an increased 
Mode II c~mponent as the delamination propagates under a constant applied com
pressive strain. 

For a cyclic loading that causes a variation of the strain energy release rate from 
Gmift to Gmu• the stresses near the tip of the delamination are completely described by 
G_•• the load ratio a - G-JGmu•which expresses the ratio of minimum to maximum 
loading. and the millity parameter. !/I - tan-I(KIIJKI ) that expresses the relative 
amounts of Mode I (opening) and Mode II (shearing) components. This is because 
these three parameters describe both the intensity and variation of the stress field near 
the delamination tip due to the loading and geometry configuration. 

During a cycle of loading the stresses and strains near the tip of a delamination are 
completely specified by Gmu• (Z and !/I. so we can reasonably assume that any phenom
enon occurring in this region is in general controlled by these parameters. The amount 
of crack extension per cycle of leading is just such a phenomenon. or. in functional 
form: 

do
 
dN =!(Gmu.«.!/I)· (8)
 

The mode dependence of the delamination growth process is not yet fully under
stood and is Ii subject of intense current research. In a recent paper. Chai (1992) 
conducted an experimental evaluation of mixed-mode fracture in adhesive bonds in 
order to elucidate the effect of the mode of loading on the interlaminar fracture 
toughness. The mixed-mode fracture behavior was characterized by essentially two 
bond thickness regimes. In the first. which is limited to a few micrometers. mode 
interaction occurred promptly upon the application of any combination of loads. In 
the second regime (thickness of more than about 5 Iltll). mode interaction occurred 
only when the shearing component of the energy release rate exceeded a certain value. 
In the case of the ductile Bp·907 adhesive. that value was approximately 55% of the 
pure Mode II toughness. Gjl' Below this value of Gil. the fracture toughness was that 
for pure Mode I. Gj. Test methods for determining the Mode I. Gj. and Mode II. 
Gj.. fracture toughness for different composite systems as well as the resulting fracture 
toughness values have been reviewed by Sela and Ishai (1989). Of these. the most 
widely used are the double cantilever beam (BCB) test for Gj and the end notched 
flexural (ENF) test for Gjl' 

Because the interlaminar resin-rich layer in laminated composites is typically several 
micrometers thick. one would expect the composites mixed-mode interlaminar frac
ture to be characterized by some degree of prompt interaction between the modes. 

In a related study on glas~ltY. Liechti and Chai (1992) measured the toughness 
of the glass-epoxy interface over a wide range of mode mixes and found a toughening 
effect associated with increasing in-plane shear components. Optical interference 
measurements of the normal crack opening displacement that w~ made near the 
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crack front n:vealed large variations in plastic zone size with mode mix. The plastic 
zone sizes followed the same trends that the toughness exhihited with mode mix. 
Although all yiciding was small scale in nature. there were large im:reases in size as 
the shear component increased. 

Based on these phservations, let us now assume that the toughness f o depends on 
the mode mixity 1/1. and in fact fll(l/I) increases with increasing 11/11 (increasing mode 
II component). A simple. one parameter family of mixed-mode adjusted fracture 
criteria has been dcscribed'ljy Hutchinson and Suo (1992): 

(9) 

The parameter ~ adjusts the influence of the Mode II contribution in the criterion 
and should be determined experimentally by obtaining mode-interaction curves as in 
Chai (1992). Since for Mode 1,1/1 = O. fa = G1 and at Mode 11.1/1 = ± 900

• f o = G'j'I' 

the expression (9) indicates that we may set 

~ = G'/G'1• (9a) 

where G1.G('1 are the values of the pure Mode I and pure Mode II toughness. respec
tively. For graphite-epoxy. a value of A= 0.30 is typical. The limit A = I is the case 
of the classical mode-independent toughness, i.e. fa = G1 for all mode combinations. 

Other phenomenological criteria have been proposed to characterize mixed-mode 
toughness data for interlaminar fracture such as in Kinloch (1987). One other alter
native phenomenological criterion is ro(l/I) = G1[1 +(I-A)tan21/1]. The latter models 
the toughness as unbounded as 1/1 -+ 900 for all A < I, unlike (9), for which the fracture 
toughness levels off as 1/1 -+ 900 (Mode II). As was discussed by Hutchinson and Suo 
(1992), while this feature should not be taken literally, it did emerge in the simple 
model of mixed-mode interface toughness due to asperity contact of Evans and 
Hutchinson (1989). In the present treatment, (9) is adopted to represent the mode
dependent interface toughness. 

Returning now to the delamination growth in the initial post-buckling phase during 
cyclic compression, the effects of mode-dependent toughness on the growth charac
teristics can be accounted for by defining: 

_ G 
(10)G = ro(l/I) = G(eo,I/I). 

Then Gcan be regarded as a mode-adjusted crack driving force in the sense that the 
criterion for crack advance is Gjro(l/I) = I. 

For the general case of arbitrary delamination and plate dimensions subjected to 
cyclic compression from the unloaded position to a maximum compressive strain em... 
the post-buckling solution by Kardomateas (1993) can be used to derive the mode 
mixity 1/1 in a closed form expression. To assess whether slow fatigue growth would 
occur rather than unstable jump growth, the curve of the energy release rate at the 
maximum strain Gmu. - Gmu.Jro(I/I), as a function of delamination length for the 
specified applied strain e...u is plotted. For this specified eo =emu, the corresponding 
e is again determined from the minimum (negative) root of (6) and the corresponding 
energy release rate G is again found from (7). The mode mixity 1/1 is found from 

---_._---- .. _---_._--
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tKlI ) + t 2 Kl2l
.I,_tan- I II II . (11)." tKP)+t2Kj21 

For the experiments considered here, the minimum load is near zero, therefore 
II .. O. The experimental data should then form a single curve on a plot of daidN vs 
G..,. for different thicknesses, widths and lengths, testing frequencies and maximum 
loads. HowCVCT. if partial unJoading occurs. then both maximum and minimum loads 
correspond to different post-buckling states. and G.. rtI: O. 

Assuming that slow growth takes place, based on the above arguments, the fol
lowing general power law relation is postulated for the cyclic delamination growth. 

(12) 

A(J is the range in the energy release rate (normalized with the mode-dependent 
fracture toughness). AG - (Jmu - (Jm;,,' The denominator was introduced to model 
the very shon life (typically less than )Q3 cycles), near the fracture toughness region. 
Hence. as (JeD approaches unity, which means that G_. approaches ro(l/t) (the 
fracture toughness), a sharp upturn in the da/dN vs AG curve is predicted by (12). In 
this sense, (12) bas a structure similar to Forman's (1967) Mode I equation for 
fatigue crack growth. However. outside this region, the denominator bas a negligible 
influence. The well-known Paris fatigue law also bas a similar power law structure 
but uses the stress intensity factor AK for a single pure mode.. 

The mode dependence of the C and m constants in tbe growth law has been 
demonstrated experimentally by Russell and Street (1987. 1988). In essence, the 
growth rate. daidN. under pure Mode I was less than expected on the basis ofa mode
independent assumption for C and m, panly because of fiber bridging which occurs 
in Mode I. Although a slightly different gro~th law was used. for AS4,'3501-6 graph
ite-epoxy. these constants were C1 .. 0.0325 and mJ = 5.8 and for pure Mode II. 
Cn .. 0.285 and mn .. 9.4. 

Of the two parameters, the most imponant is the exponent, m. Now, following the 
fonnat of (9) for the mode dependence of the fracture toughness, we can set 

(13) 

where, again since at pure Mode I, '" - 0, m .. ml and at pure Mode 11. '" = ±90°, 
m - mil, the expression (13) suggests that II is defined as the ratio of the exponents m 
at Modes II and I, respectively: 

(13a) 

In general, II is less than one. For graphitt-epOxy, our experiments determined a 
value of II II: 0.50, which agrees with the value determined by Russell and Street (1987. 
1988) by conducting pure Mode J and II tests in double cantilever beam and end
delaminated flexure specimens. 

In a similar fashion. concerning the first gro\\1h law constant, C(l/t), we can set, 
following (9), 

(14) 
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where, C. is the constant C at pure Mode I. and. again" is defined as the ratio of the 
constant C at Modes II and I. respectively: 

(14a) 

In general, " is greater than one. For graphite epoxy. our experiments indicated a 
value of" - 10, which again is close to the value detennined by Russell and Street 
(1987, 1988). These constants can be detennined independently. Specifically, Mode 
II fatigue testing can be carried out by using end-delaminated flexure specimens as in 
Russell and Street (1987). Pure Mode I fatigue testing can be carried out by using a 
unifonn width and thick.ness double cantilever beam specimen (Russell and Street. 
1988). These tests would allow detennining CUlt mUl and hence p. and K. The same 
tests can be performed statically to allow measuring G1 and G1h hence ;.. Equations 
(13) and (14) for the mode dependence of the parameters of the fatigue growth law 
are constructed following the same structure as (9) for the mode.dependent fracture 
toughness. which was suggested by Hutchinson and Suo (1992). 

Next we shall discuss an interpretation of the previous equation, which allows a 
connection with a term frequently used in fatigue. that of damage accumulation at 
the tip. To this extent. Bolotin (1987) has offered damage accumulation arguments 
in discussing fatigue crack growth in connection with a mode·independent growth 
law. If we now assume that at specific mode mixity, !/I. the delamination needs N; 
cycles of load to cause a jump of growth by p, then da/dN - pIN,. and at the initiation 
of growth, the previous equation (12). gives: 

l-CIIlU .. C(",)(MJ)JftI.):i - f:·a"~,,,) dN= "(N..,,,), (15a) 

where we have introduced the quantity ,,(N,"') that defines a measure of damage of 
the interlayer after N cycles at a prevailing mode mixity '" (at a critical distance from 
the delamination tip). For undamaged material" =O. and for fully damaged material 
(no resistance to growth) " .. 1. Growth may take place at an intennediate value of 
" < I if the interlayer resistance to growth has been reduced sufficiently as a resull of 
the accumulated damage. 

Now (15a) gives at the initiation of growth: 

(15b) 

The above equation can be interpreted as the critical energy release rate. r,y, after N 
cycles at a prevailing mode mixity t/J. Notice that r o is the mode-dependent critical 
energy release rate for the undamaged material. NatUrally. the latter is reduced when 
damage is accumulated, in the linear manner specified by (15b). A more general. 
nonlinear variation would lead to a power on C~ in (12). In the interest of simplicity 
and since this would not affect the fatigue arowth away from the fracture toughness 
region. a nonlinear variation was not adopted. 

According to (l5b). growth takes place when the critical energy release rate r ~ is 
reduced to the level of the applied maximum energy release rate GIIlU • i.e. if the 
accumulated damage becomes as shown in (15a). In fact, we have assumed that the 
damage accumulates with the number of cycles as: 
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C'1(N, y,) jO if f1G ~ (f1G)I~(y,) 
(l5c)eN C:) (f1G)"'I.' if f1tJ > (f1G)\JI(y,).S 

Here (f1G)\JI(y,) is the threshold value of the energy release rate spread at a prevailing 
mode mixity y" which is required to cause damage, and m(y,) and C(y,) are material 
mode-dependent constants characterizing the resistance to the damage accumulatiOlt 
process and p is essentially a characteristic structural dimension (e.g. similar to the 
plastic zone size in metals) that may also be related to the layer thickness or interlayer 
spacing in the composite construction. To this extent, the complexity of identifying 
the precise relationship for a characteristic distance has already been pointed out in 
the study on the mode-dependent plastic zone size of interface cracks in glas~poxy 

conducted by Liechti and Chai (1992). In that work, it was suggested that the inelastic 
behavior of the epoxy, frictional, and, perhaps, three-dimensional effects should be 
jointly considered in addition to other effects such as viscoelastic dissipation and 
interface asperity shielding. 

Equation (12) is a semiempirical equation that describes the cyclic growth of 
delaminations. However, the previous arguments can be used to establish a rational 
base for this relationship by the hypothesis that, at the instant of growth. the delami· 
nation satisfies the Griffith equilibrium condition of the rate of total energy released 
(I Sb), where aUowance has been made for the reduction in growth resistance of 
the material (critical Gc) because of the previously accumulated damage near the 
delamination tip due to the cyclic loading-unloading. 

Two loading parameters, the maximum value of the energy release rate near the tip 
of the delamination and the variation (spread) of this quantity in the loading
unloading cycle are taken to control the rate of delamination growth at a given level 
of mode mixity, y,. _ 

This hypothesis is validated in the next section by using it to correlate data from 
five configurations of delamination location through the thickness and at different 
applied maximum external compression. The results of this attempt at correlation of 
delamination extension rate data are discussed later. In spite of the wide range of 
combinations, the correlation wiU be shown to be very good. Hence. this fonnulation 
may be used to predict the number of cycles required to grow a delamination by a 
specific amount from simple laboratory tests of material properties and in conjunction 
with a reliable analysis for the near tip state of mode mixity and energy release rate. 
These laboratory tests would allow the measurement of the four constants of the 
fatigue law, Jl, Ie, m, and C. and the two static fracture parameters, i. and GJ. They 
can be either the standard pure Mode I and pure Mode II tests discussed previously, 
or a Set ofstatic and cyclic delamination buckling. mixed mode tests that are correlated 
as presently shown. 

3. DISCUSSION OF RESULTS 

The theory described in the previous sections will now be applied to a specific 
configuration. consisting of a delaminated plate with £.1(1- VUV21) - 151.6 GPa 
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(typical of graphite-epoxy) and half-length L - SO.8 mm. These dimensions cor
respond to our test specimen dimensions (a width of 12.7 mm has also been considered 
and is appropriately accounted for in the results). A delamination thickness of h =0.4 
mm is assumed, whereas delamination length is varied. Furthermore, to ensure the 
same thin film model solution in the results that follow (for a chosen delamination 
length), we keep the delamination thickness constant and change only the plate 
thic1Dess; this would give a varying ratio hiT. Concerning the toughness data, it was 
measured; Ci1 - 190 N m-I and;" - Ci1/Ci1J - 0.30. These values are virtually identical 
to the values in Nilsson ~I QI. (1993). 

First, we need to determine the unstable-to-stable growth transition point, I", by 
examining the C_s-I curves (which would have zero slope or a peak value at this 
point); if the initial delamination length is below 'u, then unstable but contained 
growth will occur once the delamination grows to the length that corresponds to the 
critical energy release rate roo Figure 2(a) shows the maximum energy release rate 
C..,., as a function of the delamination length IlL, for a specified applied strain peak 
t... -= 2.5 X 10- 3 and two cases: hiT - 0.10 and hiT =< 0.20, in comparison \\ith the 
thin film solution. As has already been observed in Kardomateas and Pelegri (1994), 
the transition point is shifted to the left with respect to the corresponding point in the 
thin film solution. In each curve, two other points are of interest: the critical lengths. 
I",. and 1"'2 on the rising and falling branches, respectively, at which G...... ... I. 

In the growth law, it is assumed that the exponent ratio, ,., - mn/mJ =: 0.50, and 
the constantratio, I( - Cn/CJ K 10. Moreover, the exponent m. -= 10 and the constant 
CJ -= 0.05 m cycle-I, These are typical values for graphit~poxy. Let us now assume 
that the initial delamination half-length is I, 25.4 mm (= 0.5L). From Fig. 2a, it isK 

seen first that this delamination length corresponds to a point beyond I" and beyond 
the critical length (at which G_• ... J) in all three curves. Therefore, slow fatigue 
growth of the delamination is expected. Figure 2(b) shows the number ofcompressive 
cycles (between zero and tmu) that are needed to reach a corresponding delamination 
length on a semilogaritbmic plot. It is seen that for the same actual delamination 
thickness, the lower hiT ratio (delamination closer to the surface) is more growth 
resistant than the higher hiT ratio (delamination located further inside the specimen). 
The thin film solution would predict a comparatively very fast delamination gro\\lh, 
i.e. a very poor cyclic growth resistance. 

However, the thin film solution curve, which is the limit for a very low ratio of hOT. 
is not monotonic with respect to hiT. This is because the energy release rate vs applied 
strain curves tend toward the thin film solution for a decreasing ratio hiT, only in the 
beginning of the post-buckling phase, i.e. for relatively small applied strain (Kar
domateas, J993); as the applied strain is increased, the thin film model solution curve 
rises at a fast pace and predicts a much higher energy release rate. 

Increasing the peak strain tmu would produce some very interesting results. Figure 
3(a) and (b) illustrates the behavior of the delamination for an initial delamination 
length 10 - 15.24 mm (-0.3L) and I:mu - 3.6 X 10-3• This delamination length cor
responds again to a point beyond the unstable-to-stable transition, 'tT" and beyond 
the critical length, at which Crus -= J (Fig. 3a). Therefore, again, slow fatigue growth 
of the delamination is expected. Figure 3(b) gives the N - I curves on a linear plot 
(same growth law CODStantS). The imponant observation is that the delamination 
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would initially grow very rapidly (for hiT .. 0.20, it would only take 230 cycles 10 

reach a length of 1- 30 rnm), and then it would grow very slowly. This would 
practically give the impression of an almost statically growing delamination followed 
by an arrest. This type of growth behavior was actually seen in the compression 
fatigue experiments that we pcrfonned on delaminated graphite~poxy specimens 
with a relatively high hiT ratio. Specifically. in the I0/36 graphit~poxy specim':!1s 
(36 plies with the delamination between the 10th and I Ith ply), it only took 870 cycles 
for the delamination to grow from 21.2 mm to 34.7 mm, i.e. by 63%. and then it 
Deeded 6.000 cycles to grow by an additional 19%, i.e. to 41.2 mm. Furthennore. for 
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a delamination of a higher hiT ratio (located further inside the specimen), this initial 
fast growth interval is larger, i.e. the lower h/Tratio is again more growth resistant. 

A comparison with resuJts from cyclic compression experiments that were per
formed follows next. These experimental results are for a load ratio GIl -= O. Before 
presenting and discussing them in detail, it should be pointed out that for an arbitrary 
load ratio el, the following relationship can be proposed as a direct extension of (9). 

do C(",)(~G'>M\·) 
c (16)

dN O-el)-~G' 

Inclusion of the load ratio effects is hereby attempted in the same manner as in the 
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Forman tl al. (1967) equation. The perfonnance of this relationship, i.e. the load 
ratio effects, will be the subject of future investigations. 

3. I. Ex~rimental rtsults 

The experimental study was conducted on graphite-epClxy, procured from Amoco 
in the form of prepreg tape (commercial specification TSO 6K ERL 1939·3) with 
about 330/, of resin content and ply thickness of about 0.10 mm. Test panels were 
laid up by hand and cured in the Autoclave according to the manufacturer's rec
ommended cure cycle, i.e. at a temperature of 3SO~F (177' C) and a pressure of 60 psi 
(a vacuum bag was placed prior to applying the curing cycle). The delaminalions 
were introduced by placing at the desired location, through the width. a Dupont 
Teflon film of 0.025 mm (0.001 inch) thickness. Since the curing process affects the 
final dimensions of the specimens due to resin bleeding, the thicknesses of the speci
mens were measured after curing with a micrometer. The thickness measurements 
were taken at different points through the width and length to insure overall uniformity 
of the thickness and they were found to be satisfactory. The cured panels were 
carefully inspected for possible abnormalities. and were subsequently cut to specimen 
size using a silicon carbide blade. 

The cyclic compression tests were conducted on these unidirectional graphite
epoxy specimens at a frequency of I Hz. and the delamination growth was monitored 
using a Questar remote video-measurement system. The experiments were at a con
stant tm.. and the property characteristics of the specimens are found to be as follows: 
modulus of elasticity E.t(l - l'UV21)" J51.6 GPa; critical energy release rates, 
61 = 190 N m- t

• i.., 61/611 ='0.30; exponent ratio. Jl =mll/m• ., 0.501, constant 
ratio, " ., CIIIC. -= 10.01. These constants, which are typical of graphite--epoxy, were 
found from independent Mode I and Mode II tests. The specimens had a width. 
w -= 12.7 mm and a half-length between the grips of L -= 50.8 mm. 

Five delamination configurations were tested: 

(a) 30 plies, specimen thickness T = 2.87 mm, delamination ofhalf-Ieng'lh 10 = 21.25 
DUn, between fourth and fifth ply, hence hiT - 4/30, and at a maximum compressive 
strain £au ., 1.575 X 10- 3, This specimen configuration is denoted as 4/30(A). 

(b) IS plies. specimen thickness T - 1.55 mm, delamination of half-length 
~ = 25.86 nun, between fourth and fifth ply, hence h/T- 4/15, and at a maximum 
compressive strain lWs - 2.575 X 10-3 (denoted as 4/15). 

(c) 30 plies, specimen thickness T., 2.75 mID. delamination ofhalf·length I~ - 26.15 
nun, between sixth and seventh ply, hence hiT - 6/30 and at a maximum compressive 
strain tm.. - 1.325 X 10-3 (denoted as 6/30). 

(d) 30 plies, specimen thickness T - 2.87 mID, delamination of half-length ~., 

J8.75 mID. between founh and fifth ply. hence h/T- 4/30, and at a maximum compres
sive strain £au ., 1.247 X 10-3• This specimen configuration is denoted as 4;'30(B). 

(e) 36 plies, specimen thickness T - 3.00 mID, delamination ofhalf-length 10 -= 33.02 
mm. between tenth and eleventh ply, hence hiT - 10/36 and at a maximum com
pressive strain t.u - 1.003 X 10-3 (denoted as 10/36). 

These five test configurations exhibit different mode mixities and energy release 
rate spreads. Figure 4(a) shows the mode mixity, '" as a function of the delaminalion 
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Jength. at £m.., for the five specimen configurations considered. It is seen that the 10 36 
and 6/30 specimens exhibit the higher Mode I components. Figure 4(b) shows the 
energy reJease rate ~rA" .. G_.tr'o(I/I) as a function of the delamination length. at 
£me•. AU specimens are subjected to Jess than 20% of the critical energy release rate. 
ro(I/I). with the JO/36 and 6/30 specimens under a larger spread AG .. Grm•. Notice 
that the 4/30(A) and the 4/30(B) configurations have the same energy release rate 
~.... but distinctJy different mode mixity, "'. 

Two data points, (1;N), from the 4/30(A) specimen were used to obtain the con
stants ml and C,. These data points are: (30.48 mm; 23 J,354 cycles) and (30.734 mm; 
253,155 cycles). The values obtained are: ml .. 10.385 and C. - 0.0435 m'cycle. 
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Based on these values, Fig. 5(a) shows the actual experimental data and the pre
dicted cycles for all five specimen configurations on a semilogarithmic plot. ln all the 
experiments the delamination grew straight aloDg the interface and the delamination 
length was measured with the help of a remote optical telescope/video-measurement 
system. Il d10uld be first emphasized that the same exponent and constant in the 
growth law are used for all delaminatio~s, although each delamination con1l8uration 
is characteriud by a differenl location through the thickness, different initial length. 
different applied peak strain and different mode mixity. Since measurements were 
performed at discrek points, the measured data are given by discrete data points, 
whereas the predictions are represented by the lines. It is seen that the data form five 
distinct groups, each for each specimen type. First, an immediate observation can be 
made that the smaller the ratio hiT (delamination located closer to the surface), the 
slower the growth. Second, the experimental data seem to correlate adequately with 
the predicted values. For a more detailed record of the test data, Table I gives the 

Table l. Comparison with uper;menrs, graph;t~pox.r. G~ = 190 Nm- J, i. = G~ IG~, 

- 0.30; gro....th 10K', m, = 10.385 and C, -= 0.0435 m C'ycle- I 
; II = m"im, = 0.501. 

" c:: C,,!C,  10.01 

"IT 
Specimen 

I,rom 
delamination 

N..... 
Cycles 

N..p 

Cycles 
type half-length predicted from tests 

4/3O(A) 30.035 196,765 145.441 
10 = 21.25 mm 30.658 246.705 244.8~5 

T= 2.87mm 32.639 494,265 472.469 
lwu - 1.575 X /0-) 32.753 513,915, 539,485 

4/1~ 35.623 4,488 6,107 
10 = 25.86 mm 36.347 5,717 6.351 
T- U5 mm 39.522 15,521 14',413 
£mas - 2.575 X 10-) 40.195 18,949 17,107 

6/30 32.106 5,819 12.320 
10 - 26.15 mm 33.668 9,869 12,795 
T- 2.75 mm 34.671 13,553 13,571 
t... - 1.325 X /0-) 35.801 19.075 14.065 

4/30(8) 
10 " 18.75 mm 23.635 87.244 65,307 
T .. 2.87 mm 24.130 /07.394 85.212 
t... - 1.247 X /0-) 24.841 143,019 138.718 

24.968 150,340 146.438 
25.781 205.410 236,154 

10/36 34.671 584 320 
10 - 33.02 mm 37.211 1,599 1.195 
T- 3.00mm 38.100 2,028 1.612 
lwu - 1.003 X 10-) 39.116 2,591 2,867 

40.132 3.251 3,671 
41.275 4,141 5.4/0 
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a~al experimental data and the predicted cycles for all five specimen configurations. 
Figure S(b) shows a picture of an actual 4/30(A) specimen undergoing cyclic com· 
pression at the point of peak compressive strain (buckled delamination, afler growth 
by about 50%). 

Of the five specimen configurations. the mode mixity is fairly similar between the 
4/30(A) and 4/IS specimens, but distinctly different between the 4/30(A) and the 6130 
or 10/36 or 4/30(B) specimens [Fig. 4(a)]. In this context, in order to examine the 
importance ofassuminS a mode-dependent growth law, the predicted number ofcycles 
for the corresponding mode-independent version of the growth law was calculated and 
compared to the experimental data. The following conclusions were made: if mode
independence was to be assumed in the growth law, which means that 1J = ) and 
" - I, then fitting the two constants, m and C, from the 4/30(A) data would fail to 
adequately predict the 6/30 data. Specifically, this would predict a number of cycles 
less than half those predicted by the present mode-dependent approach and the ones 
obtained from the experiments. 

Finally, one additional observation should be made. For longer growth, i.e. beyond 
the point of the pure Mode II state, contact forces may be established, and this would 
have the effect of slowing the growth rate considerably. This was evident for the 
4/30(A) specimen for growth beyond 1- 33 DUD. The cycles needed for funher 
advance for this type of specimen were about) million, as opposed to predictions of 
about S5O.OOO. Since contact is not included in this formulation, these data points are 
not analyzed and are not part of the present paper. 

4. CONCLUSIONS 

An experimental study of the fatigue growth of internal delaminations in composite 
plates which are subjected to cyclic compression was performed under constant strain 
amplitude and lead to the following conclusions: 

<a) The delaminations would not grow in a static test; however, they do ind~ 

grow after a sufficient number of buckling-unloading cycles 
(b) The fatigue delamination growth is strongly affected by the relative location of 

the delamination through the plate thickness, the fatigue grov.1h being slower for a 
smaller value of delamination thickness over plate thickness, hiT, (delaminations 
located closer to the surface). 

(c) Delaminations located very near the surface, e.g. hiT - 2.'30. did not grow even 
for a very large number of applied compressive cycles. 

(d) The growth of the delaminations takes place under mixed-mode conditions 
characterized by a relatively high value of the Mode II component, which is increasing 
as the delaminations grow. 

(e) A closed form analysis for the initial delamination post-buckling state, which 
does not impose any restrictive assumptions regarding the delamination thickness 
and plate length (as opposed to the usual thin film assumptions) is used in combination 
with a fracture mechanics treatment to obtain the energy release rate and the mode 
mixity at the delamination tip. 
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(f) A mode-dependent cyclic growth law (12) is suggested. which is expressed in 
terms of the spread in the normalized energy release rate (10) in the pre- and post
buckling state, and in which the exponent and the constant are mode dependent (13. 
14); it is shown to correlate well with the experiments, in spite of the different geometry 
(location of ~ delamination through the thickness, initial delamination length, plate 
thickness) and applied loading in each of the five delamination configurations tested. 
These tests were conducted on unidir~onalgraphite-ep<)xy specimens. 
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