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Abstract-The delamination growth during the pre- or post-buckling phases in composites with a 
single delamination (one-dimensional model) is investigated. 'or that purpose, a general nonlinear 
analysis, using variational principle, with a new set of relations for the decomposition of the total 
energy release rate, is used for an arbitrary one-dimensional composite lamll1ate structure. A 
computer code is developed and used for the parametric study of delamination growth during 
buckLing. The effects of a wide range of parametcrs, like imperfection, layup, location of delami
nation, theory type and length-to-thickness ratio, were intensively studied. It is found that a 
dominant parameter, in terms of the level of energy release rate, is the length-to-thickness ratio. 
© 1997 Elsevier Science Ltd. 

INTRODUCfION 

Delamination onset and growth in compressively loaded composite laminated structures is 
one of the most severe problems concerning the confident use of laminate composites. It 
may significantly impair the load carrying-capacity due to local buckling (s e, for example, 
Sheinman el al., 1989) and due to crack propagation (Chaj el aI" 1981). Local buckling 
itself does not imply the ultimat load, and usually, if the delamination does not grow, the 
laminate is capable of carrying on in the post-buckling phase under higher loading (Shein
man and Soffer, 1991). With delamination growth, the load carrying capacity is reduced 
further and this detracts from the high potential of composites. The complexity of the 
coupling of delamination growth and buckling motivates the need for more accurate 
modeling for predicting the behavior. 

Both topic subjects of crack propagation and post-buckling behavior, have recently 
receive tremendous attention in the literature (see for example Hutchinson and Suo (1992), 
Suo (1990), Sallan and Simitses (1985), and Kardomateas (1993, 1994)). Most studies were 
confined to homogeneous isotropic materials, some to orthotropic with a single fiber 
orientation, very few to anisotropic and almost none to laminate composites with an 
arbitrary stacking sequence. Due to the complexity of the subject, the few papers which 
deal with non-homogeneous laminate composites use the numerical finite element procedure 
(see for exampi O'Brien (1982), Whitcomb (1989) and Kutlu (1992)). It is apparent that 
the problem of non-linear behavior with delamination growth is still open for exploratioI1.. 

Analysis of growth ofdelamination is basically governed by the Griffith criterion, which 
postulates that the energy release rate is the dominant parameter controlling delamination 
growth. A model depending on a mode-dependent fatigue delamination growth law was 
applied, and shown to correlate with the fatigue delamination growth data from cyclic 
compression tests, in Kardomateas et al. (1995). Recently, Sheinman and Kardomateas 
(1997), developed a set of relations (with no use of three-dimensional analysis), for the 
energy release rate and the Mode I and Mode 11 stress intensity factors, which can be 
applicable to laminates with an arbitrary stacking sequence, 
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Fig I. Laminate with delamination through the width-geometry and sign convention, 

In the present paper these new relations of Sheinman and Kardomateas (1997), are 
used with a general nonlinear analysis for singly delaminated composites. An extensive 
parametric study of delamination growth during the pre- and post-buckling phases is 
conducted. For that purpose a non-linear analy i , ba ed basically on Sheinman and Soffer 
(1991), is further extended for the gen ral case of a laminat, with a single delamination 
located at an arbitrary location along th length and through th thickness. 

The single delamination subdivid s th laminate into four regions (see Fig. I). The 
formulation make use of equilibrium equations, continuity requir ments at the crack tips 
and boundary conditions at the ends. The post-buckling analysis, derived by variation 
principles, ssumes an imperfect system. Then the new et of relations for the energy release 
rate and the mode mixity in a laminate with an arbitr ry stacking sequence are briefly 
summarized, A general computer code i developed and used to study the effect of a wide 
range of parameters. 

POST-BUCKLl G A ALysrS 

L t (ox., y) be the coordinate of the reference urface and z the normal coordinate (Fig. 
1). Application of Kirchoff-Love hypothe i and resorting to the Von-Karman non-linear 
kinematic approach, results in the following relations for the one dimensional model (in x 
and z) : 

Su(X,Z) = B.",(X)+z¢,,(x) 

B,,(X) = u(x)"+iw(x),,(w(x),,.+2w(x),J 

cPu,(x) = - w(x),,,. (1) 

8 and cP are, respectively, the strain of the reference surface and the change of curvature 
under the displacement field in the axial (u(x)) and normal (w(x)) directions associated 
with the imperfection function 111(X). The imperfection function i the initial, normal dis
placement at the unjoaded state. The reference surfaces, e.g. (zr;), are defined by: 
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where z is the normal coordinate from the top surface of each region. 
Under the classical laminate theory, the constitutive equations can be written as (see 

Sheinman and Kardomateas, J997) : 

(2) 

Nxx and lvI" are the axial force and bending moment of the one dimensional model: IX, are 
derived from the theory of the one-dimensional model. 

For classical beam theory: 

)' = D11-BT,/A" 

(AII,BII,DII) = fC xx Cl z,z2)dz (3) 

where 

CI = (Q23QI3-Q3JQd/(Q22Q33-Q~) 

C2 = (Q23QIl-QnQIJ/(Q22Q'3-QiJ) 

o for plane strain 
6 = {I (4)

for pl«ne stress 

Qu are the reduced laminate transformed stiffness coefficients. 
For cylindrical bending theory (see also Sheinman, 1989); 

IXI = {[I+A-'BGBjA-'}" 

IX2 = {- A - I BG} I I 

IX, = {-GSA-ILl 

IX4 = {G} II 

c.i=(D-BA-'B) I 

(A ii , Bu, D,) = fQii(l, Z, Z2) dz (i.j = 1,2,3). (5) 

The subscript ( )" means the first term of the matrix. It is seen that the IX'S are 
determined not only by All, B", D II but also by Au. B,1' and Du i, j = 1,2,3. 

The delamination subdivides the laminate into four regions (Fig. I) for which the 
nonlinear equilibrium equations are derived by the following variational principle: 
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4 

e)7[ = L (jn~+ L (jn~+(jnc = O. (6) 
j~l k~I,4 

(jn~ is the variation of the total potential energy at region): 

x~ and x~ are the coordinates of the ends of the region j. qx and q= are the external applied 
distributed loads in axial and transverse direction and 17 = I/(1X21X3 -1X41(1)' 

n~ is the functional expressing the continuity conditions at the crack tip k (k = I for 
the first tip and k = 4 for the second tip) : 

},(k,) are the Lagrange multipliers, X(I) and X(4) the coordinates of the first and second crack 
tips, respectively. The first two terms express the axial displacement compatibility, the next 
two terms the transverse displacement and the last two terms the slope continuity between 
the delaminated layer (3) and the substrate (2) at their common sections, which are at the 
locations of the delamination tips. 

Finally, IT c is the functional which is used for imposing the geometrical compatibility 
through another Lagrange multiplier /\, for the contact constraints between region} = 2 
and} = 3: 

(9) 

Minimization of the functional (eqn 6) yields nonlinear differential equations for the pre
and post-buckling states. The Newton's method is employed for reducing the nonlinear 
equations to a linear sequence, and a central finite-difference scheme (as in Sheinman et al., 
1989) to convert the differential equations into algebraic ones. 

DELAMINATION GROWTH 

A combined fracture mechanics analysis and delamination post-buckling solution is 
needed for studying the growth characteristics of the delamination. The post-buckling 
analysis has just been presented and the fracture mechanics approach is basically based on 
a Griffith type criterion. Notice that the growth is assumed to occur between composite 
layers, rather than through the layers. 

It is important to examine whether the delamination growth, under a given load level, 
is stable or unstable (see Kardomateas and Pelegri, 1994). Delamination growth depends 
on the level of the energy release rate, at the crack tip. Another important quantity affecting 
growth is the mode mixity (see Hutchinson and Suo (1992), Kardomateas el al. (1995) for 
cyclic loading). In essence, the toughness does not have a single value, it is rather a function 
of the relative amount of Mode II to Mode I acting on the interface. A set of relations for 
decomposition of the energy release rate into Mode I and Mode II has been recently 
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developed for an arbitrary stacking sequence composite laminate, by Sheinman and Kar
domateas (1997). It is adopted for the study of delamination growth in the post-buckling 
stage and briefly summarized here. 

For any load level, first the post-buckling state is analyzed, then the energy release rate 
at the crack tips is computed by J-integral and given by: 

(10) 

where P" and M u are the relevant axial force and bending moment of the delaminated part 
(see Fig. 2) which are computed by the stress superposition (see Sheinman and Kardo
mateas, 1997), and RI> R2, Gpm, yare constants defined by: 

smy = (11 ) 

cd 2
) and a)J) (i = 1, 2, 3, 4) are the coefficients, given by eqn (3) or (5), of the substrate 

region (j = 2) and the delaminated region (j = 3), respectively. Zr2 and ZrJ are the reference 
surfaces of regions j = 2 and j = 3, respectively. 

Decomposition of the energy release rate yields: 

G,=P 11 nA- 3
/
4 K; 

Gil = PI 1nA - 1/4 K;f (12) 

where 

---------------4-----------,.~ M. 

-----------------r---------"~ M, 

Fig. 2. Stress resultants at the crack tip. 
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n =)1 ;p 

(13) 

Pi) are the coefficients of the compliance matrix in the x-z plane; w is a function of the 
material and geometric parameter, approximately given by w = 52.1-3hlH (in degrees) as 
is suggested by Suo (1990). The upper signs of M" (in Kr and KI/) is for the case of Gpm > 0 
and the lower for case of Gpm < O. 

PARAMETRIC STUDY 

The post-buckling analysis with delamination growth is implemented into a general 
purpose computer code. It covers the non-linear behavior of any laminated composite with 
a single delamination located at an arbitrary location along the length and through the 
thickness. The code is an extension of Sheinman et al. (1989) and Sheinman and Soffer 
(1991), to include an arbitrary located delamination as well as delamination growth accord
ing to the criteria given by Sheinman and Kardomateas (1997). It is used here for a 
parametric study of delamination growth during the pre- and post-buckling stages. Empha
sis is given to the growth characteristics of the delamination, rather than to the deformation 
pattern during the post-buckling phase. Examples of isotropic and composite laminates 
under axial compression are considered for the parametric study. 

ISOTROPIC CASE 

The delamination growth is initially examined in a clamped isotropic beam, taken 
from Sheinman and Soffer (1991) : length-to-thickness ratio lit = 50 modulus of elasticity 
E = 2.1 101

I N/m 2
, Poisson's ratio v = 0.3. The initial imperfection is assumed to be 

00 ( 21tX)fV(X) = 2 l-cos-- .
I 

The energy release rate versus symmetric delaminated length (II = 14) for delamination 
thickness hit = 0.1 and amplitude of imperfection oalt = 0.02, is plotted in ig. 3 for several 
values of the axial load NINeT (N is the applied axial load and NeT is the buckling load of 
the p rfect undelaminated beam). It seems that the growth may start from 1211 ~ hit, that 
the critical length for unstable-to-stable transition of the delamination is 12/1) ~ 0.3 and that 
the growth (if occurs at all) is unstable up to 12/1= 0.3. The effect of imperfection amplitude 
and of the thickness of the delaminated part are shown in Fig. 4. The mode mixity, defined 
by IjJ = tan -I (KlIlK,) is a very important parameter for growth (Kardomateas, 1995). This 
quantity for the first and second tip for unsymmetrical delaminated laminate (II =f- 14) is 
plotted in Fig. 5. 
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Fig. 3. Energy release rate versus delamination length for isotropic delaminated laminate. 
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Fig. 4. Effect of imperfection amplitude on energy release rate. 

COMPOSITE LAM! A 

This example concerns a graphite/epoxy C30/922 delaminated clamped beam under 
axial compression. The data for this example are taken from Kardomateas el al. (1995) 
and from Pelegri el al. (1995): length 1= 0.09652 m, width b = 0.0127 m, thickness of 
laminate I = 0.0013335 m, 15-ply laminate with hp'y = 8.89 10-5 m, Ell = 137.9 109 N/m2

, 

En = 8.98 109 N/m2
, G12 = 7.2 109 N/m2

, Vl2 = 0.3. Mode I and II critical energy release 
rates: G~ = 190 J/m2

, G~l = 630 J/m2
. Symmetric stacking combination of [O,(lX/ -lX)6' lX, 0] 

with various angle values r:t and cross-ply [0,(90/0hJ were chosen. A delamination of length 
12 = 0.0508 m with symmetric location (II = 14) was chosen to be located between the 4th 
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and the 5th layer. It should be mentioned that, because of the delamination, the layup of 
region 3 (a.1 - a.) 2 is asymmetric and, therefore, bending stretching coupling is active. 

The internal axial load, using plane strain theory, at the delaminated region (j = 3) 
versus the total axial load NINer for different a.-orientation is plotted in Fig. 6. Ncr is defined 
as the critical load of the perfect (undelaminated) unidirectional laminate [0] 15. The local 
buckling load, defined as the load for buckling of the delamination (as opposed to the 
global buckling load, which is defined as the load for bu kling of the entire beam), which 
is clearly observed, is significantly affected by the a. parameter, the larger (1., the lower the 
critical load. The post-buckling behavior (given by the midpoint displacements of the 

Fig. 6. Internal axial load at thl.: delaminated part for different lay ups in a composite laminate, using 
plane strain theory. 
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Fig. 8. Post-buckling displacement curves based on plane strain theory. 

substrate region (j = 2) and of delaminated region (j = 3) is shown in Figs 7 and 8, 
respectively, for plane stress and plane strain. It seems that the plane stress (suitable for a 
narrow beam) yields much lower local and global buckling load than the plane strain 
(suitable for a wide beam) and there is no significant difference for the range of angle 
a = 30° -'- 60~ unlike the plane strain case. For CI. = OC and for cross-ply the results of the 
two theorie are the same. The effect of the theory type on the mode mixity is given in Fig. 
9 for CI. = 45". As expected, the cylindrical bending theory is closer to the plane strain one. 

Figure 10 shows the energy release rate G, Gr and Gf{ for cross-ply and unidirectional 
laminates. The total energy release rate (G) of th cross-ply layup, for different depths of 
the delamination, is plotted in Fig. II (there Ncr is the critical load of the perfect cross-ply 
laminate). It is clear that the worst location, from delamination growth point of view, is 
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theory. 

between the 4th and the 5th layer. It seems that G is increasing with the depth up to 4/5 
and then decreasing. The total energy release rate is the same for delamination between 
layer I and 2, between 2 and 3, and so on, because of the fact that the 90' plies contribute 
very little (E22/ Ell ~ I /I5). It is also clear that, for thIs case, there is no delamination growth 
(the energy release rate is much lower than G'(if;)). The mode mixity if; versus ine load level, 
for several a's-orientation, is given in Fig. 12. The local and global buckling loads are 
clearly observed. 

Finally, the efTect of the lit ratio on the energy release rate, is studied for unidirectional 
delaminated laminates. For this case t = 0.0013335 m, I,ll = 0.526 and hit = 4/15 were 
kept constant, which yields the same non-dimensional local (NIOcal/N" = 0.257) and global 
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(~IOballNcr = 0.715) buckling load (Ncr is the global buckling load of the perfect unidi
rectional specimen). N'oca' and N&lobal are, respectively, the externally applied axial loads, 
which would cause the local and global buckling modes. The semilogarithmic curves of 
energy release rate for different lit ratios are plotted in Fig. 13. It is clearly observed that 
lit is a dominant parameter in terms of energy release rate. The lower the lit ratio, the 
higher (in scale order) the energy release rate. For the given material toughness of GC = 190 
Jlm 2 (assuming that G'(!/J) = Gi is conservative) there is no delamination growth for a high 
lit ratio. For lit = 30 the growth starts far away beyond the local buckling point, while 
for lit = 10 it starts even below the local buckling load. Experimental agreement of no 
delamination growth for lit = 72.4 and for lit = 37.4 can be found in Kardomateas et al. 
(1995) and Pelegri et al. (1995). 
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CO eLUSION 

An analytical procedure for studying delamination growth during the pre- and post
buckling stages of a single delaminated composite laminate is performed. The theory and 
the solution procedure are general for any arbitrary non-linear one-dimensional model of 
a composite laminate under external loading. A new set of relations for the energy release 
rate and the mode mixity in a delaminated laminate with an arbitrary stacking sequence is 
implemented. A study of a wide range of param ters was carried out, and of the principal 
findings the following should be emphasized: 

1.	 The post-buckling behavior of delaminated composite laminates is strongly affected 
by the delamination growth. 

2.	 For length-to-thickness ratio. on which the classical plate assumptions are held
there is no need of 3-dimensional analysis for delamination growth. 

3.	 The delamination length plays the most important role regarding stable or unstable 
growth. 

4.	 The chosen imperfection function may affect the post-buckling behavior because of 
the contact phenomenon. For some imperfection modes and amplitudes no contact 
occurs. 

5.	 Depending on the theory type used, i.e. plane stress, plane strain and cylindrical 
bending, and on the layup sequence, significant differences may be observed. 

6.	 Growth of the delamination is mostly affected by the length-to-thickness, lit, ratio 
(for constant hit and 12/1 ratios, where I is the specimen length, also see Fig. 1). 

7.	 Delamination growth takes place under mixed mode, characterized by a relatively 
high value of Mode II, especially beyond the load level of local buckling. 
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