
Experimental and numerical analysis of delamination
growth in double cantilever laminated beams

Valeria La Saponara a, Hanifah Muliana b, Rami Haj-Ali b,*,
George A. Kardomateas a

a School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, GA 30332, USA
b School of Civil and Environmental Engineering, Georgia Institute of Technology, Atlanta, GA 30332, USA

Received 6 March 2001; received in revised form 30 July 2001; accepted 3 August 2001

Abstract

Delamination crack growth in laminated composites is investigated using experiments and finite element (FE)

models. Tests are performed on cross-ply graphite/epoxy specimens under static conditions. The load–displacement

response is monitored in the tested coupons along with crack length. The FE models employ a cohesive layer that is

used to simulate the debonding and crack propagation. The cohesive parameters are calibrated from the experimental

load–displacement curves. Crack growth and strain measurements are compared with those from the FE models. The

predicted results from the FE models are in good agreement with the test results. The same modeling approach is also

used to simulate crack propagation in the transverse direction of a notched laminate. The proposed FE analysis with

cohesive layers can simplify fracture toughness assessment in multilayered specimens. � 2002 Elsevier Science Ltd. All

rights reserved.
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1. Introduction

Delamination is a common type of failure mode in layered composites without through-the-thickness
reinforcement. Delaminations are created when two layers debond from each other. The initiation of
delamination growth is usually determined by examining Mode I and Mode II fracture toughnesses, that
are generally calculated from unidirectional composites. Measuring fracture toughness in a multidirectional
composite can be difficult because the crack propagates in a non-self-similar manner, and a mixed-mode
loading occurs as soon as the crack initiates. Predicting crack propagation in multidirectional composites
can have great impact on the analysis and design of composite materials.
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Many surveys of analytical methods used in solving the interface crack problems exist, e.g. Refs. [1,2].
Two main approaches have been proposed for interface crack problems: (1) the open crack approach,
which is based on the work of Williams [3], England [4] and Erdogan [5]; (2) the closed crack approach,
introduced by Comninou [6,7] and extended by Gautesen and Dundurs [8,9]. The first approach considers
the interface crack as completely open. The solution for the stress includes an oscillatory behavior at the
crack tip. This is not physically possible since it would lead to overlapping and wrinkling of the crack faces.
Assumptions on the material properties are made to avoid the oscillatory behavior [10,11]. The closed crack
approach considers the interface crack open except at the crack tips, where frictionless contact occurs. The
length of the contact areas is part of the solution, and no stress oscillation is obtained.

Finite element (FE) models have been utilized in the past to study the stress distribution and the strain
energy release rate in cracked composite laminates subject to Mode I, Mode II, and mixed-mode loadings.
Van der Zande and Grootenboer [12] compare their model of an interface crack in an isotropic bi-material
with Comninou’s results [6,7]. They model contact zones at the crack tips with special contact elements,
which do not permit wrinkling of the two faces and transmit the compressive stresses in the contact zone
of the crack. These authors also use a displacement hybrid model to calculate the elastic stress intensity
factors. Hwu et al. [13] use a FE model for delamination analysis of glass/epoxy multidirectional specimens,
with lay-ups ½0n=� hn=0n�, h ¼ 0�, 15�, 30�, 45�, and n varying between 3 and 6. Their results compare very
well with the experiments in predicting first interface debonding in non-pre-cracked specimens and for the
onset of the delamination in pre-cracked specimens. Dakshina Moorthy and Reddy [14] compared four
methods for calculating the interlaminar stress and energy release rate: layerwise theory, virtual crack
closure, crack closure, and potential energy change. These quantities are calculated in bending problems:
simply supported cross-ply laminate under sinusoidal loads, ½�45�s laminate with two free edges and two
simply supported edges and cross-ply, double cantilever beam (DCB) laminate. Contact surfaces are as-
sumed on each side of the crack. A no-slip adhesive contact condition is enforced by the penalty method.

Delamination problems in pre-cracked composite laminates have been extensively analyzed. Different
methods can be used to calculate strain energy release rate and mode mixity. The Rayleigh–Ritz method is
used with classical plate theory by Davidson and Schapery [15]. An analytical crack tip element based on
classical plate theory was introduced by Davidson et al. [16,17]. The virtual crack closure technique was
used by Davidson [18] and Polaha et al. [19]. Experimental results are also reported for DCB, end-notched
flexure and single-leg bending tests in Ref. [19].

This study deals with delamination in layered cross-ply laminates, and cracking in notched laminates. FE
models with cohesive layers are used to simulate the debonding. The crack propagation results are com-
pared with tests of pre-cracked DCBs under static loading. The method is also tested for in-plane transverse
crack configuration, in ½90�20 notched-edge laminates under tensile axial loading.

Next, the experimental testing configurations and results are described, followed by the FE models.
Finally, discussion and conclusions are presented.

2. Experimental set-up and testing procedure

The specimens in this study are manufactured by hand lay-up and cured in an autoclave. The pre-preg
material used was TOHO UT500 graphite/epoxy. The measured effective material properties for a unidi-
rectional lamina are: E11 ¼ 124 GPa; E22 ¼ 9:60 GPa; m12 ¼ 0:344; G12 ¼ 5:75 GPa.

Two types of specimens are prepared: (a) cross-ply specimens, having lay-up ½0=90�10, with a 46 mm
delamination starter, and average dimensions of 25:4 mm � 137 mm � 2:55 mm, as shown in Fig. 1; (b)
transversely reinforced specimens, with ½90�20 lay-up and two edge notches in their mid-section. Fig. 2 shows
the notched laminate with tabs. These are bonded with epoxy to ensure proper gripping during the tensile
test. The dimensions of the second group of specimens are: 25:4 mm � 135 mm � 2:62 mm in un-notched
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sections, and 19:2 mm � 135 mm � 2:62 mm in notched sections. In the delamination tests, piano hinges
are bonded to the specimen by either a double-sided adhesive (with designation AF163 2K, produced by
3M) or epoxy glue. The delamination starter in these specimens consisted of a Teflon thin sheet inserted
during lay-up between the 10th and the 11th ply, at the mid-plane of the beam.

Two experimental procedures are performed: (a) DCB tests on delaminated cross-ply specimens; (b) axial
tensile tests of notched laminated specimens.

The tests were performed using an Instron 8501 hydraulic testing machine with a 100 KN load cell. The
displacement of the moving lower cross-head (the actuator) with respect to the upper cross-head (fixed) is

Fig. 2. Notched laminated ½90�20 under uniaxial tension (dimensions are in mm and not to scale).

Fig. 1. 3D and side views of a cross-ply specimen for DCB tests (dimensions are in mm and not to scale).
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recorded. A Questar QM-1 microscope and a remote video measurement system are used to follow crack
propagation. The edges of the DCB specimens are sprayed with white paint and marks are drawn on each
edge, 1 mm apart from each other. In the notched laminated specimens, marks are drawn between the two
notches. A displacement rate of 0.5 mm/min was used for the DCB tests, as recommended by the ASTM
standard D-5528-94a [20]. This standard refers to unidirectional composites, and to the authors’ knowledge
no equivalent standard exists for multidirectional composites. A lower displacement rate of 0.0254 mm/min
was set in the notched laminates. Strain gages are added in the middle of each notched specimen, as shown
in Fig. 2.

3. Delamination growth results

Crack propagation in the cross-ply specimens occurred from the delamination starter, located between
the 0� and the 90� plies in the center of the beam. The crack growth was observed on both sides (sides A and
B in Fig. 1). Initially, the two ends of the crack did not propagate at the same rate at the sides of the
specimen. As loading increased, both crack ends seemed to propagate at the same rate. Fig. 3 shows a
picture taken during one of the DCB tests. Tests were performed on unidirectional 0� specimens. In this
case, crack growth was not achieved as the bond between specimen and piano hinges failed earlier. Therefore,
results are not reported for this case. The cross-ply specimens studied here showed a deflection of the re-
mote edge away from the load application, similar to the deflection shown in Fig. 3.

The crack propagation observed in the DCB experiments occurred with branching, i.e. the crack crossed
the thickness of the 90� ply and then propagated parallel to the specimen axis (indicated in Fig. 1). This
behavior repeated itself several times in each of the DCB tests. Crack lengths are measured as projections
along the direction of the initial delamination (parallel to the specimen axis). These data are used to ex-
amine the ability of the FE model to predict crack propagation. Crack branching is not the focus of this
study, instead, the overall crack propagation is used herein as the delamination measure in the DCB
laminates.

Fig. 3. Picture taken during a DCB test on a delaminated specimen.
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The notched-edge laminated tension specimens are used in the study to model and examine the highly
constrained crack growth in the ½90�20 laminates. The goal is to compare the FE cohesive parameters with
those in the DCB model. Also, it is not clear if the cohesive parameters will capture the highly constrained
crack propagation in this mode. A lower displacement rate is selected (0.0254 mm/min) to allow collecting
strain data in each of the tested specimens. Measurement of crack propagation was not possible due to its
dynamic nature, but the strain data allowed response verification of the FE model prior to failure.

4. Crack propagation finite element models with cohesive elements

To assess whether plane strain can be assumed, it is necessary to consider that a crack front in a DCB
specimen has a parabolic distribution across the width of the specimen [15,18,21]. This is also confirmed by
the non-uniform distribution of strain energy release rate across the width. Davidson and Schapery [15]
introduced a parameter to quantify how uniform the distribution of strain energy release rate is. This
parameter is called Dc and is defined as:

Dc ¼
D2

12

D11D22

where D11, D12, D22 are flexural rigidities (according to the conventional notation for classical plate theory).
The flexural rigidities are calculated for each leg (part) of the DCB specimen. If Dc < 0:25 for the two legs,
and each leg is orthotropic (i.e. Bij ¼ A16 ¼ A26 ¼ D16 ¼ D26 ¼ 0), one can consider the strain energy release
rate to be approximately uniform across the width [20]. This also justifies a plane strain assumption for the
FE model. The parameter Dc is calculated for the configurations used by Davidson [18], and those values
are reproduced. However, the lay-ups considered herein are: ½0=0�n, ½�15�n, ½�45�n, ½�60�n, ½�75�n, ½90=90�n,
½0=90�n, ½0=� 45=90�m, and ½0=90=� 45�m. The TOHO UT500 graphite/epoxy material properties with an
average ply thickness of 0.1275 mm were used. The quantities A16, A26, D16, D26 are calculated and are equal
to zero for the lay-ups with n stacking sequence. The bending–extension stiffness components, Bij, are
identically zero only for the cases of ½0=0�n and ½90=90�n (symmetric laminates). The value of Dc does not
change with the number n of sub-laminates; it is sufficient to calculate Dc for the sub-laminate in those
cases. However, the magnitude of the bending–extension stiffness components does change with n, and the
material of the two legs approximately approaches orthotropy for large n. Table 1 reports the values of Dc

for the lay-ups considered. The trend noticed in Refs. [15,18] is confirmed for the current lay-ups: Dc is
maximum for ½�45�n lay-ups.

The DCB laminates in this study consist of ½0=90�10 lay-ups. The values of Dc for each half of the
specimen, ½0=90�5, is 0.002444. Due to the symmetry of each half specimen, the condition of orthotropy of
the two parts is verified. Therefore, the hypothesis of plane strain is acceptable, and a two-dimensional (2D)
FE model can be used to study the crack propagation.

2D FE models are used in this study to simulate the delamination of the ½0=90�10 graphite/epoxy lam-
inates. The geometric model for the delamination problem in the DCB specimens is a plate with 137 mm
length, 2.55 mm thickness and 25.4 mm width. The initial crack starts at a distance of 46 mm from the edge.

Table 1

Values of the parameter Dc for the given lay-ups

Lay-up ½0=0�n ½�15�n ½�30�n ½�45�n ½�60�n ½�75�n ½90=90�n ½0=90�n ½0=� 45=90�m ½0=90=� 45�m
Dc 9.16e�3 0.0816 0.3685 0.5190 0.3685 0.0816 9.16e�3 2.44e�3 (0.0366, m ¼ 10) (0.050, m ¼ 10)

(0.0388, m � 1) (0.0389, m � 1)
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Growth is simulated using a layer of cohesive elements and it is allowed along a 44 mm line. Two
simultaneous systems of predetermined crack paths in the ½0=90�10 laminate are used, as shown in Fig. 4.

The first system allows crack growth at the interface between the 0� and 90� plies in the mid-section
of the model. The second delamination system is inside the 90� ply.

The ABAQUS implicit FE code [22] is used with 4-node continuum plane strain elements (CPE4R). A
convergence study of the 2D model is first carried out. The final model includes 2620 nodes and 2384
elements.

Displacement loading is applied at the top and bottom nodes of the left edge. The corresponding re-
action forces are calculated for a given applied displacement. The boundary conditions applied reflect the
DCB tests: the remote edge of the specimen, away from the load application, is allowed to deflect along the
y-axis. This may occur due to non-symmetric application of the load through the Instron’s cross-heads, and
also by the non-symmetry of the laminate.

Failure of the notched laminates is modeled using a transverse cohesive layer between two notches. The
geometry of the model is 135 mm in length, 25.4 mm in width and 2.62 mm thickness with notched radius of
3 mm, as shown in Fig. 2. The FE models for the ½90�20 laminate include 4-node plane-strain elements
(CPE4). Finer mesh is used near the location of the crack. Half-symmetric model is applied in order to
employ the traction separation failure criterion as required by the ABAQUS FE code (this is not required
when using a crack tip opening displacement failure criterion). A convergence study is initially performed
and a mesh with 1744 elements and 1948 nodes is used.

Uniform displacement is applied to the left edge by pulling those nodes in x-axis, as shown in Fig. 5.
A through-the-thickness homogenization procedure is employed in the DCB laminate for the remote

layers away from the crack. The goal is to generate effective properties for a homogeneous continuum, that
are equivalent to the multilayered medium with a repeated ½0=90� sub-laminate. This allows a simplified

Fig. 4. Crack propagation simulation for DCB ½0=90�10 laminate.
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model without several through-the-thickness elements for each lamina away from the crack. The equivalent
homogenized medium and the individual 0� and 90� layers are shown in Fig. 4. Therefore, three sets of
material properties are used in the FE model, where individual layers are modeled only near the interface
crack. The homogenization method (Appendix A) is based on the three-dimensional (3D) lamination
theory of Pagano [23]. It is generalized to non-linear behavior and applied in FE models by Haj-Ali and
Pecknold [24]. The anisotropic effective properties for the ½0=90�n laminate are: E11 ¼ 67:25 GPa; E22 ¼
67:25 GPa; m12 ¼ 0:0494; G12 ¼ 5:75 GPa. This homogenization is physically acceptable because crack
growth occurs within few layers of the cross-ply specimens. When non-self-similar crack growth happened,
it was confined in an area of the order of one ply thickness.

5. Traction separation failure criterion and crack growth calibration parameters

Two possible crack paths are embedded in the model for the DCB cross-ply specimens. The first is at the
interface between the 0� and 90� layers, at the center of the beam geometry. A second crack path is also
considered within the 90� layers, as shown in Fig. 4. The two crack paths are referred to as crack system #1
and #2. A critical traction failure criterion for the crack propagation is used. The failure criterion includes
normal and shear stress components, and expressed as:

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rn

rf
n

� �2

þ s
sf

� �2

s
¼ 1 for failure

where rn is normal stress component, and s is shear stress. The cohesive layer’s normal and shear failure
stresses are rf

n and sf respectively. The DCB model is considered to be subject to Mode I loading, and its
opening displacement criterion depends only on the normal stress component. In addition to the failure
criterion parameters (rf

n in our case), crack growth parameters are needed. These are used to specify the
manner in which the traction across the failed interface is ramped to zero. The parameters of the traction
separation curve are a function of continued opening displacement or pseudo-time.

Preliminary investigation showed that the stresses do eventually merge with the singular stress field
expected for a homogeneous crack roughly two elements in distance away from the notch tip. While the
objective of this study is to model the propagating crack, achieving an exact singularity at the tip may not
be crucial since the fracture criterion is not localized and does not directly deal with the exact order of the
singularity.

The parameters used in the calibration procedure for crack growth are illustrated in Fig. 6. The distance
Lc from the crack tip is where the failure criterion evaluated, and is used as the minimum length of the
cohesive layer’s width. The maximum time increment is assumed to be 0.5Le (Le ¼ length of the cohesive

Fig. 5. FE model (half symmetry is used) for ½90�20 notched laminate.
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element) divided by the total applied displacement. The time to complete debonding (tf ) is chosen to be
three times the allowed maximum time increment. The critical time (tcr) is the time at failure initiation.

6. Case studies

Figs. 7 and 8 show the load deflection and crack growth for the DCB model with different normal stress
failure values. As expected, high values of bonding stress will delay crack progression and increase the
ultimate limit load.

The effect of different debonding traction separation amplitudes on the overall response has been
studied. The traction is reduced to zero as a function of the time after debonding failure occurs. If the
stresses are removed too rapidly, numerical convergence difficulties may arise.

The cohesive element parameters are first calibrated in the DCB problem with only one crack at the
center (system #1). The experimental load deflection curve is used for this calibration, as shown in Fig. 9.
The cohesive normal strength is determined as rf

n ¼ 27:5 MPa, the time at which interface tractions is

Fig. 6. Crack tip blunt area with a linear traction separation curve.

Fig. 7. Load vs. displacement from the DCB FE model with different bond normal strength values (from 25 to 50 MPa).
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ramped to zero is tf ¼ 0:01875, and the distance from the current crack tip is Lc ¼ 0:25 mm. These cohesive
parameters are used in two other models, one with crack system #2 alone, and another that includes a
combination of crack system #1 and #2.

The generated results from the model with two simultaneous crack systems are very close to those of
the other models. In addition, the crack growth predictions for all models are in good agreement with
the experimental results, as seen in Fig. 10.

Fig. 8. Delamination crack growth vs. displacement for DCB, FE models with different bond normal strength values (from 25 to

50 MPa).

Fig. 9. Calibrated FE and experimental response for DCB model based on the load–displacement curves.
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A second case study is used to simulate in-plane transverse crack growth between two notched edges.
The cohesive parameters are calibrated from the experimental results of a notched ½90�20 laminate using its
load–displacement curve. The cohesive normal strength is determined as rf

n ¼ 45 MPa, the time at which
the interface tractions go to zero is tf ¼ 0:01875, and the distance from current crack tip is Lc ¼ 0:25 mm.
Fig. 11 shows the ability of the proposed model to simulate the load–deflection curve and capture the rapid
fracture of the notched plate.

Fig. 10. Crack growth vs. displacement for the DCB specimens.

Fig. 11. Load vs. displacement from experiments and FE model, for notched-edge laminate.
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The deformed shapes for the DCB FE model and the notched laminate FE model are shown in Fig. 12.
The DCB FE model is shown when the crack growth is 5.59 mm, and the applied transverse displacement
is 16 mm. The notched FE model is shown when the crack growth is 7.85 mm and the applied axial dis-
placement is 0.256 mm. It is interesting to note the initiation of the crack at the center of the notched
laminate, which would link afterwards with the edge crack.

7. Conclusions

A combined FE and experimental approach is presented in order to simulate the crack propagation in
multilayered ½0=90�10 DCB beams and ½90�20 notched-edge laminates. The assumption of plane strain be-
havior in DCB models is acceptable according to a criterion based on the laminate bending stiffnesses. The
study neglects mixed-mode phenomena like crack branching. The predicted FE crack propagation and
strain in the notched laminate results are in good agreement with the experimental values. The proposed
analysis can simplify the testing of multidirectional specimens for fracture toughness. It is shown that for
multilayered DCB laminates under plane strain conditions it is sufficient to calibrate the cohesive elements
from the experimental load–displacement data. The dynamic crack growth in notched laminates is also
captured in the FE model.
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Appendix A

The determination of the equivalent continuum for the composite section from the equivalent properties
of the layers is done using the 3D lamination theory by Pagano [23]. In this approach, the stiffness is
generated for the entire section. This formulation is based on linear elasticity solutions that satisfy simple
homogeneous boundary conditions, interface traction and displacement continuity between the composite
layers. The properties of the equivalent homogeneous material are formulated for a repeating stacking
sequence. Displacement and traction continuity conditions between the layers are satisfied and homoge-
neous in-plane strain and out-of-plane stress patterns are used to generate the equivalent response [24]. For
the application of the 3D lamination theory, the stress–strain relationship is represented in the form

frig
frog

� �
¼ ½Cii� ½Cio�

½Coi� ½Coo�

	 

feig
feog

� �
ðA:1Þ

where subscript i refers to in-plane and subscript o refers to out-of-plane stress or strain components. This
system of 6 by 6 equations can be partially inverted in the following form:

feog ¼ ½Coo��1frog � ½Coo��1½Coi�feig ðA:2aÞ

frig ¼ ð½Cii� � ½Cio�½Coo��1½Coi�Þfeig þ ½Cio�½Coo��1frog ðA:2bÞ

frig
feog

� �
¼ ½A� ½B�

�½B�T ½D�

	 

feig
frog

� �
ðA:3Þ

½A� ¼ ½Cii� � ½Cio�½Coo��1½Coi�

½B� ¼ ½Cio�½Coo��1

½D� ¼ ½Coo��1

The stress and strain relations used in the homogenization process are:

feig
frog

� �ðkÞ

¼ feig
frog

� �

and

frig
feog

� �
¼ 1

t

Xn
k¼1

tk
frig
feog

� �ðkÞ

where vectors with superscript (k) denote stress or strain for layer (k) in the global coordinate system. The
overall partially inverted stress–strain relations for the entire cross-section are recovered from all layers in
the sub-laminates:

frig
feog

� �
¼ 1

t

Xn
k¼1

tk
½A� ½B�

�½B�T ½D�

	 
ðkÞ !
feig
frog

� �
ðA:4Þ
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where n is the number of layers in the sub-laminate. Writing the above relation in a similar form as
Eq. (A.3) yields:

frig
feog

� �
¼ ½A� ½B�

�½B�T ½D�

	 

feig
frog

� �
ðA:5Þ

The well-known overall stiffness relation for the section is:

frig
frog

� �
¼ ½Cii� ½Cio�

�½Coi�T ½Coo�

	 

feig
feog

� �
ðA:6Þ

Finally Eq. (A.6) can be inverted to generate the engineering coefficients for the homogenized equivalent
medium.
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