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A new nonlinear high-order theory for orthotropic elastic sandwich plates is formulated. In this theory, in which

the compressibility of the soft core in the transverse direction is considered, the transverse displacement in the core is

of fourth order in the transverse coordinate and the in-plane displacements are of fifth order in the transverse

coordinate. The theory is derived so that all core/face-sheet displacement continuity conditions are fulfilled. The

nonlinear governing equations, as well as the boundary conditions for sandwich plates with orthotropic phases, are

derived via a variational principle. The solution procedure is outlined andnumerical results for the simply supported

case of transversely loaded plates are produced for several typical sandwich configurations. These results are

compared with the corresponding ones from the elasticity solution. Furthermore, the results using the classical

sandwich model with and without shear are also presented. The comparison among these numerical results shows

that the solution from the current theory is very close to that of the elasticity in terms of both the displacements and

the transverse stress through the core. Observations in the current work suggest that this new high-order theory

could have significant applications in studying the structural and failure behavior of sandwich plates.

Nomenclature

a = plate length
b = plate width
c = core half-thickness
f = face-sheet thickness
htot = total plate thickness
q0 = peak value of the applied sinusoidally distributed

transverse load
u = in-plane x displacement
v = in-plane y displacement
w = transverse displacement (along z)
x = in-plane coordinate along the length
y = in-plane coordinate along the width
z = thicknesswise coordinate

Subscript

0 = middle surface

Superscripts

b = bottom face sheet
c = core
t = top face sheet

I. Introduction

I T IS the core and its layout in a sandwich construction, consisting
of two metallic or composite thin face sheets separated by a thick

core, that give this type of structure superior properties: namely, high
stiffness and strength with little resultant weight penalty and high
energy-absorption capability with regard to impact loading.With the
increasing interest in the application of sandwich structures to
aerospace vehicles, marine vessels, and civil infrastructure, the last
decade has seen extensive efforts being devoted to the study of the

static and dynamic behavior, failure mechanisms, design, and
manufacturing improvement of such structures [1–18]. In spite of
this fact, a detailed review of the literature reveals that most of the
researchers have based their work on the noncompressible core
model, in which the rigidity of the core in the thickness direction is
assumed infinite; that is, it is transversely incompressible.Depending
on whether or not the shear effects are considered, this model is also
referred to as the classical model or the first-order shear model,
respectively. This analytical model was proposed in the 1960s [1,2]
and is simple for practical use. Its assumption is acceptable for most
cases in which the sandwich core is stiff and the loading is static.

However, when the core is soft compared with the faces of the
sandwich structure, the incompressible model may not be
appropriate. As a matter of fact, recent numerical simulations [3]
and experimental results [4] show that the core is under significant
nonlinear deformation when a sandwich structure is subject to
underwater blast loading. Because the classical or first-order shear
models do not account for the core transverse deformation, the
information regarding the transverse stress distribution through the
thickness cannot be properly obtained. The absence of such
knowledge may lead to inaccurate prediction of the failure modes,
such as the debonding between the faces and the core, or of the
energy-absorption capacity. To fill this gap, Hohe et al. [5] proposed
an approximate model with constant transverse strain in the core.
Furthermore, Frostig et al. [6] proposed a model with linear
transverse strain through the thickness of the core, but thismodel was
formulated as a one-dimensional model (i.e., for a beam). However,
when a sandwich structure is subject to severe loading such as that
induced from blast loading or impact, the core could undergo highly
nonlinear transverse deformation [3,4]. Therefore, a new analytical
but practical (i.e., easy to be implemented) high-order compressible
core model that can take this nonlinearity into account would have
significance in the study and design of sandwich structures.

The accuracy of any of these models can be readily assessed
because an elasticity solution exists. Indeed, Pagano [7] presented
the three-dimensional elasticity solution for rectangular laminates
and sandwich plates for the cases of 1) a phase with negative
discriminant of the cubic characteristic equation, which is formed
from the orthotropic material constants, and 2) an isotropic phase,
which results in a zero discriminant. The roots in this case are all real
and unequal (negative discriminant) or all real and equal (isotropic
case). In a recent paper, Kardomateas [8] presented the
corresponding solution for the case of positive discriminant, in
which case two of the roots are complex conjugates. This is actually a
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case frequently encountered in sandwich construction, in which the
orthotropic core is stiffer in the transverse than the in-plane
directions.

In this paper, we present an advanced new high-order core model
in which the transverse displacement within the core is no longer a
constant, but it varies as a fourth-order function of the transverse
coordinate. The in-plane displacements of the core are fifth-order
functions of the transverse coordinate. The transverse compressi-
bility and shear deformation of the core are incorporated into the
constitutive law. To verify the current model, a study of a typical
sandwich plate with elastic orthotropic phases subject to transverse
loading is performed. The results are obtained using the elasticity
solution [7,8], the classical model [1,2,9], and the first-order shear
model [1,2,9]. The comparison among these results is made to
illustrate the validity of the current model. We should note that the
linear core strain model in [6] was presented for beamlike sandwich
panels and no formulas for plates are available; furthermore, the
constant-core-strain model assumptions were outlined in [5], but no
explicit equations that can be readily solved for the displacements
were presented; therefore, a comparison with the linear model in [5]
was also not possible at this point.

The sandwich structures considered here are composed of two
composite/metallic thin face sheets of high mechanical properties
separated by a thick soft core. Transverse compressibility of the core
will be taken into account. In the development of the high-order core
theory, the following assumptions will be adopted:

1) The face sheets satisfy the Kirchhoff–Love assumption, and
their thicknesses are small comparedwith the overall thickness of the
sandwich section. In the current study, the two face sheets are further
assumed to be identical.

2) The core is compressible in the transverse direction: that is, its
thickness may change.

3) The bonding between the face sheets and the core is assumed to
be perfect.

The paper is organized as follows: In Sec. II we develop the new
high-order compressible core theory. In this theory, the transverse
displacement of the initial midplane is considered as an unknown
function of the in-plane coordinates �x; y�. The in-plane and
transverse displacements in the core are then expressed as functions
in terms of the displacements of the two face sheets and the
displacement of the core initial midplane. In the derivation, the
displacement continuity conditions at the interfaces between face
sheets and the core are employed. In Sec. IIIwe present the derivation
of the governing equations and associated boundary conditions for
the sandwich plate. Subsequently, the equations for orthotropic
sandwich plates are presented in detail. In Sec. IV we outline the
solution procedure to solve the nonlinear equations by applying this
theory to a simply supported sandwich plate under transverse
loading. In Sec. V we present the numerical results for a typical
sandwich-plate configuration. The comparison of the results with
those from the elasticity solution, the classical model, and the first-
order shear model is also given in this section. In Sec. VI we give
some conclusions and suggestions on futurework. For completeness,
the governing equations for the classical model and the first-order
shear model are given in Appendices A and B.

II. Derivation of the New High-Order Shear Theory

In the following, we consider a sandwich plate with two identical
face sheets of thicknessf anda core of thickness2c and let aCartesian
coordinate system �x; y; z� be on the middle plane of the core, as
shown in Fig. 1. The corresponding displacements are denoted by
�u; v; w�. We further use the superscripts t, b, and c to refer to the top
face sheet, bottom face sheet, or core, respectively, and the subscript 0
refers to the middle surface of the corresponding phase.

A. Displacement and Strain Representation for the Face Sheets

The face sheets are assumed to satisfy the Kirchhoff–Love
assumptions, and their thicknesses are small compared with the
overall thickness of the sandwich section. Therefore, the
displacements for the top face sheet are expressed as

ut�x; y; z� � ut0�x; y� �
�
z� c� f

2

�
wt;x�x; y� (1a)

vt�x; y; z� � vt0�x; y� �
�
z� c� f

2

�
wt;y�x; y� (1b)

wt�x; y; z� � wt�x; y�; ��c� f� � z � �c (1c)

and for the bottom face sheet,

ub�x; y; z� � ub0�x; y� �
�
z� c � f

2

�
wb;x�x; y� (2a)

vb�x; y; z� � vb0�x; y� �
�
z � c � f

2

�
wb;y�x; y� (2b)

wb�x; y; z� � wb�x; y�; c � z � �c� f� (2c)

Omitting the superscripts t and b, the nonlinear strain
displacement relations for the face sheets can take the following
form:

��� �
�xx
�yy
�xy

2
4

3
5� ��0� � ��k� �

�0x� �kx
�0y� �ky
�0xy� �kxy

2
4

3
5; �� z	

�
c� f

2

�

(3a)

in which the 	 sign in the variable � corresponds to the top and
bottom face sheets, respectively, and ��0� is the middle surface strain
given by

��0� �
�0x
�0y
�0xy

2
4

3
5�

u0;x � 1
2
w2
;x

v0;y � 1
2
w2
;y

u0;y � v0;x � w;xw;y

2
4

3
5 (3b)

Moreover, �k� is the curvature

�k� �
kx
ky
kxy

2
4

3
5�

�w;xx
�w;yy
�2w;xy

2
4

3
5 (3c)

B. Displacements and Strains for the High-Order Core Theory

In practice, the core can be deformed in the transverse direction
when a sandwich structure is loaded. As a first-order approximation,
this deformation may be neglected, as is the case in the classical

Fig. 1 Definition of the geometrical configuration for the sandwich

plate.
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sandwich model. But in many instances it is necessary to include the
transverse deformation. For example, the transverse deformation
may be crucial in the energy-absorption capability of a structure
subject to extreme loading such as blast loading. To capture the core
transverse compressibility, we can use a higher-order series
expansion in terms of the transverse coordinate to represent the in-
plane and out-of plane displacements. In the current study, the
transverse displacement in the core, wc, is of fourth order in the
transverse direction z:

wc�x; y; z� �
�
�0 � �2

z2

�2c�2 � �4

z4

�2c�4
�
wco�x; y�

�
�
�2

z2

�2c�2 � �4

z4

�2c�4
�
�w�x; y�

�
�
�1

z

2c
� �3

z3

�2c�3
�
ŵ�x; y�; �c � z � c (4a)

where wc0�x; y� is the transverse displacement of the middle surface
of the core, [�0 
 
 
�4] are constants to be determined, and �w�x; y�
and ŵ�x; y� are, respectively, the average and difference of the
middle surface transverse displacements for the two face sheets:

�w�x; y� � 1
2
�wt�x; y� � wb�x; y��;

ŵ�x; y� � 1
2
�wt�x; y� � wb�x; y��

(4b)

The in-plane displacements in the core, uc and vc, are of fifth order
in z, expressed as follows:

uc�x; y; z� � �u�x; y� � �5

z

2c
û�x; y� � z f

2c
wc;x�x; y; z� (4c)

vc�x; y; z� � �v�x; y� � �6

z

2c
v̂�x; y� � z f

2c
wc;y�x; y; z� (4d)

where �u�x; y; t�, û�x; y; t�, �v�x; y; t�, and v̂�x; y; t� are, respectively,
the average and difference of the middle surface in-plane
displacements for the two face sheets:

�u�x; y� � 1
2
�ut0�x; y� � ub0�x; y��;

û�x; y� � 1
2
�ut0�x; y� � ub0�x; y��

(4e)

�v�x; y� � 1
2
�vt0�x; y� � vb0�x; y��;

v̂�x; y� � 1
2
�vt0�x; y� � vb0�x; y��

(4f)

Therefore, there are seven constants �i (i� 0, 6) to be determined
from displacement continuity, as follows:

For the top-face-sheet/core interface, z��c,

uc�x; y; z�jz��c � ut0�x; y� �
f

2
wt;x�x; y� (5a)

vc�x; y; z�jz��c � vt0�x; y� �
f

2
wt;y�x; y� (5b)

wc�x; y; z�jz��c �wt�x; y� (5c)

For the bottom-face-sheet/core interface, z� c,

uc�x; y; z�jz�c � ub0�x; y� �
f

2
wb;x�x; y� (5d)

vc�x; y; z�jz�c � vb0�x; y� �
f

2
wb;y�x; y� (5e)

wc�x; y; z�jz�c �wb�x; y� (5f)

Also, at the midsurface of the core, z� 0,

wc�x; y; z�jz�0 �wc0�x; y� (5g)

Substitution of Eqs. (4) into the seven continuity conditions (5)
leads to

�0��1�1; �2��2; �3��4; �4��8; �5��6��1
2

(6)

Thus, the transverse displacement in the core in this new high-
order core theory can be expressed as follows (fourth order in z):

wc�x; y; z� �
�
1 � z2

2c2
� z4

2c4

�
wc0�x; y� �

�
z2

2c2
� z4

2c4

�
�w�x; y�

�
�
z

2c
� z3

2c3

�
ŵ�x; y�; �c � z � c (7a)

and the in-plane displacements in the core are (fifth order in z)

uc�x; y; z� � �u�x; y� � z
c
û�x; y� � z f

2c
wc;x�x; y; z� (7b)

vc�x; y; z� � �v�x; y� � z
c
v̂�x; y� � z f

2c
wc;y�x; y; z� (7c)

wherewc0�x; y; t� is the transverse displacement of themiddle surface
of the core.

This leads to the following strain displacement relations for the
core:

�czz �
�
� 1

4c
� z

2c2
� 3z2

4c3
� z

3

c4

�
wt�x; y� �

�
z

c2
� 2z3

c4

�
wco�x; y�

�
�
1

4c
� z

2c2
� 3z2

4c3
� z

3

c4

�
wb�x; y� (8a)

�cxz ��
1

c
û�x; y� � �1�z�wt;x�x; y� � �2�z�wco;x�x; y�

� �3�z�wb;x�x; y� (8b)

�cyz ��
1

c
v̂�x; y� � �1�z�wt;y�x; y� � �2�z�wco;y�x; y�

� �3�z�wb;y�x; y� (8c)

in which

�1�z� � �
�
1� f

c

�
z

4c
�
�
1� 3f

2c

�
z2

4c2
�
�
1� 2f

c

�
z3

4c3

�
�
1� 5f

2c

�
z4

4c4
(8d)

�2�z� �
�
1� f

2c

�
�
�
1� 3f

2c

�
z2

2c2
�
�
1� 5f

2c

�
z4

2c4
(8e)

�3�z� �
�
1� f

c

�
z

4c
�
�
1� 3f

2c

�
z2

4c2
�
�
1� 2f

c

�
z3

4c3

�
�
1� 5f

2c

�
z4

4c4
(8f)

It should be noted that the core is considered to be undergoing
large rotation with a small displacement; therefore, the in-plane
strains can be neglected.
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C. Constitutive Relations

The equations developed so far can be applied to generalmaterials.
In the following sections, we shall assume that the face sheets are
orthotropic laminated composites and that the core is also
orthotropic. The general stress–strain relationship for any layer of the
face sheets reads as

�xx
�yy
�xy

2
4

3
5� C11 C12 C16

C12 C22 C26

C16 C26 C66

2
4

3
5 �xx

�yy
�xy

2
4

3
5 or ��� � �C���� (9a)

where Cij (i,j� 1, 2, 6) are the plane-stress reduced-stiffness
coefficients. With Eqs. (3), (8), and (9a) and � defined from Eq. (3a)
as the local coordinate from the midplane of each face sheet, one can
find the resultants for the top and bottom face sheets of a sandwich
plate:

�Nt;b� �
Nt;bx

Nt;by

Nt;bxy

2
664

3
775�

Z
f=2

�f=2
��t;b� d&�

Z
f=2

�f=2
�Ct;b���t;b� d&

� �At;b���t;b0 � � �Bt;b��kt;b� (9b)

�Mt;b� �
Mt;b
x

Mt;b
y

Mt;b
xy

2
4

3
5�

Z
f=2

�f=2
��t;b�& d&� �Bt;b���t;bo � � �Dt;b��kt;b�

(9c)

in which the stiffness coefficients are

�At;bij ;Bt;bij ;Dt;b
ij � �

Z
f=2

�f=2
Cij � f1; &; &2gd&; i; j� 1;2;6 (9d)

Applying a similar procedure, one can obtain the following
resultant expressions for the bottom face sheet:

�Nb� � �Ab���b0 � � �Bb��kb� (9e)

�Mb� � �Bb���b0 � � �Db��kb� (9f)

with the stiffness coefficients reading as

�Abij; Bbij; Db
ij� �

Z
c�f

c

Cij � f1; z; z2g dz; i; j� 1; 2; 6 (9g)

The stress–strain relations for an orthotropic core can bewritten as

�czz � Ec�czz; �cxz �Gcxz�cxz; �cyz �Gcyz�cyz (10)

III. Governing Equations and Associated
Boundary Conditions

The governing equations and appropriate boundary conditions can
be derived using the variational principle. The sandwich plate is
assumed to be subject to a transverse loading q�x; y� on the top face
sheet. Let the strain energy be denoted byU and the external work by
W, then the variational principle states

��U �W� � 0 (11a)

in which

�U�
Z
b

0

Z
a

0

�Z �c
�c�f
��txx��txx � �tyy��tyy � �txy��txy� dz

�
Z
c

�c
��czz��czz � �cxz��cxz � �cyz��cyz� dz

�
Z
c�f

c

��bxx��bxx � �byy��byy � �bxy��bxy� dz
�
dx dy (11b)

�W �
Z
b

0

Z
a

0

q�x; y��wt dx dy (11c)

The governing differential equations and the boundary conditions
can be obtained by substituting the stress–strain relations (9) and
(10), strain displacement relations, and displacement profile
relations (7) and then employing integration by parts. This results in
seven equations: three for each face sheet and one for the core. There
are seven unknowns: ut0, v

t
0, w

t, wc0, u
b
0 , v

b
0 , and w

b.
The equations for the top face sheet can be written as

�ut0: N
t
x;x�Ntxy;y�Gcxz

�
��u

t
0 � ub0�
2c

� 11

15
wco;x� 	0�wt;x�wb;x�

�

� 0 (12a)

�vt0: N
t
xy;x�Nty;y�Gcyz

�
��v

t
o � vbo�
2c

� 11

15
wco;y� 	0�wt;y�wb;y�

�

� 0 (12b)

�wt0: M
t
x;xx � 2Mt

xy;xy �Mt
y;yy � �Ntxwt;x�;x � �Ntxywt;x�;y

� �Ntyxwt;y�;x � �Ntywt;y�;y � 2	1c�Gcxzwt;xx �Gcyzwt;yy�
� 2	2c�Gcxzwc0;xx �Gcyzwc0;yy� � 2	3c�Gcxzwb;xx �Gcyzwb;yy�
� 	0�Gcxz�ut0;x � ub0;x� �Gcyz�vt0;y � vb0;y��

� E
c

2c

�
61

21
wt � 358

105
wc0 �

53

105
wb
�
� q�x; y� � 0 (12c)

For the core,

�wc0:
179Ec

105c
�2wc0 � wt � wb� �

11

15
Gcxz�ut0;x � ub0;x�

� 11

15
Gcyz�vt0;y � vb0;y� � 2	2c�Gcxz�wt;xx �wb;xx�

�Gcyz�wt;yy � wb;yy�� � 2	4c�Gcxzwc0;xx �Gcyzwc0;yy� � 0 (13)

For the bottom face sheet,

�ub0 : N
b
x;x�Nbxy;y �Gcxz

�
��ut0� ub0�

2c
� 11

15
wc0;x� 	0�wt;x�wb;x�

�

� 0 (14a)

�vb0 : N
b
xy;x�Nby;y �Gcyz

�
��vt0� vb0�

2c
� 11

15
wc0;y� 	0�wt;y�wb;y�

�

� 0 (14b)

�wb0 : M
b
x;xx � 2Mb

xy;xy �Mb
y;yy � �Nbxwb;x�;x � �Nbxywb;x�;y

� �Nbyxwb;y�;x � �Nbywb;y�;y � 2	1c�Gcxzwb;xx �Gcyzwb;yy�
� 2	2c�Gcxzwco;xx �Gcyzwco;yy� � 2	3c�Gcxzwt;xx �Gcyzwb;yy�
� 	0�Gcxz�uto;x � ubo;x� �Gcyz�vto;y � vbo;y��

� E
c

2c

�
61

21
wb � 358

105
wco �

53

105
wt
�
� 0 (14c)

The constants 	i (i� 0; . . . ; 4) in the preceding equations relate to
the ratio of face thickness and core thickness and are defined as
follows:

	0 �
2

15
� f

4c
; 	1 �

29

315
� 373

630

�
f

2c

�
� 247

252

�
f

2c

�
2

(15a)
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	2 �
37

630
� 37

630

�
f

2c

�
� 383

630

�
f

2c

�
2

(15b)

	3 �
11

630
� 11

630

�
f

2c

�
� 23

180

�
f

2c

�
2

(15c)

	4 �
194

315
� 194

315

�
f

2c

�
� 383

315

�
f

2c

�
2

(15d)

The corresponding boundary conditions at x� 0, a, read as
follows:

For the top face sheet,

ut0 � ~ut or Ntx � ~Ntx (16a)

vt0 � ~vt or Ntxy � ~Ntxy (16b)

wt � ~wt or Ntxw
t
;x �Mt

x;x � Ntxywt;y � 2Mt
xy;x

�Gcxz�	0�ub0 � ut0� � 2	1cw
t
;x � 2	2cw

c
0;x � 2	3cw

b
;x� � ~Qt

x

(16c)

where ~Qt
x is the resultant top-face-sheet shear, defined as the integral

of �xz over the top face sheet, and

wt;x � ~wt;x or Mt
x � ~Mt

x (16d)

For the core,

wc0� ~wc0 or
11

15
�ub0 �ut0�� 2	2cw

t
;x� 2	4cw

c
0;x� 2	2cw

b
;x� ~Qc

(17)

where ~Qc is the resultant core shear divided by the core shear

modulus; that is, ~Qc is defined as the integral of �xz=Gc over the core.
For the bottom face sheet,

ubo � ~ub or Nbx � ~Nbx (18a)

vbo � ~vb or Nbxy � ~Nbxy (18b)

wb � ~wb or Nbxw
b
;x �Mb

x;x � Nbxywb;y � 2Mb
xy;x

�Gcxz�	0�ub0 � ut0� � 2	3cw
t
;x � 2	2cw

c
0;x � 2	1cw

b
;x� � ~Qb

x

(18c)

where, again, ~Qb
x is the resultant bottom-face-sheet shear, defined as

the integral of �xz over the bottom face sheet, and

wb;x � ~wb;x or Mb
x � ~Mb

x (18d)

The tilde accent denotes the known external boundary values.
Similar equations can bewritten for y� 0; b. For the sandwich plates
made out of orthotropic materials, one can rewrite the set of the
nonlinear governing equations by substituting the stiffness
constants.

For the top face sheet,

�
At11

@2

@x2
� At66

@2

@y2
� G

c
xz

2c

�
ut0 � �At12 � At66�

@2

@x@y
vt0 �Gcxz	0wt;x

�Gcxz
11

15
wc0;x �Gcxz

ub0
2c
�Gcxz	0wb;x � F̂t1 (19a)

�At21 � At66�
@2

@x@y
ut0 �

�
At66

@2

@x2
� At22

@2

@y2
�
Gcyz
2c

�
vt0 �Gcyz	0wt;y

�Gcyz
11

15
wc0;y �Gcyz

vb0
2c
�Gcyz	0wb;y � F̂t2 (19b)

�
Dt

11

@4

@x4
� 2�Dt

12 � 2Dt
66�

@4

@x2y2
�Dt

22

@4

@y4
� 61Ec

42c

� 2	1c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wt

�
�
179Ec

105c
� 2	2c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wc0

�
�
53Ec

210c
� 2	3c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wb

� 	0Gcxz
@

@x
�ut0 � ub0� � 	0Gcyz

@

@y
�vt0 � vb0�

� q�x; y� � F̂t3 (19c)

in which the right-hand sides are nonlinear terms defined as

F̂ t
1 ��At11wt;xwt;xx � �At12 � At66�wt;ywt;xy � At66wt;xwt;yy (19d)

F̂ t
2 ���At21 � At66�wt;xwt;xy � At66wt;xxwt;y � At22wt;ywt;yy (19e)

F̂ t
3 � �Ntxwt;x�;x � �Ntxywt;x�;y � �Ntyxwt;y�;x � �Ntywt;y�;y (19f)

For the core,

11

15
Gcxz

@

@x
�ut0 � ub0� �

11

15
Gcyz

@

@y
�vt0 � vb0�

�
�
179Ec

105c
� 2	2c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wt

�
�
358Ec

105c
� 2	4c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wc0

�
�
179Ec

105c
� 2	2c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wb � 0 (20)

For the bottom face sheet,�
Ab11

@2

@x2
� Ab66

@2

@y2
�
Gcyz
2c

�
ub0 � �Ab12 � Ab66�

@2

@x@y
vb0

� Gcxz	0wb;x � Gcxz
11

15
wc0;x �

Gcxz
2c
ut0 � Gcxz	0wt;x � F̂

b
1 (21a)

�Ab21 � Ab66�
@2

@x@y
ub0 �

�
Ab66

@2

@x2
� Ab22

@2

@y2
�
Gcyz
2c

�
vb0

� 	0Gcyzwb;y � Gcyz
11

15
wc0;y �

Gcyz
2c
vt0 � 	0Gcyzwt;y � F̂

b
2 (21b)

�
Db

11

@4

@x4
� 2�Db

12 � 2Db
66�

@4

@x2y2
�Db

22

@4

@y4
� 61Ec

42c

� 2	1c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wb

�
�
179Ec

105c
� 2	2c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wc0

�
�
53Ec

210c
� 2	3c

�
Gcxz

@2

@x2
�Gcyz

@2

@y2

��
wt

� 	0Gcxz
@

@x
�ut0 � ub0� � 	0Gcyz

@

@y
�vt0 � vb0� � F̂

b
3 (21c)
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in which

F̂ b
1 ��Ab11wb;xwb;xx � �Ab12 � Ab66�wb;ywb;xy � Ab66wb;xwb;yy (21d)

F̂ b
2 ���Ab21 � Ab66�wb;xwb;xy � Ab66wb;xxwb;y � Ab22wb;ywb;yy (21e)

F̂ b
3 � �Nbxwb;x�;x � �Nbxywb;x�;y � �Nbyxwb;y�;x � �Nbywb;y�;y (21f)

IV. Application of the High-Order Theory to a Simply
Supported Sandwich Plate

In this section, the solution procedure for the response of sandwich
plates will be demonstrated through the study of the simply
supported case under transversely applied loading. In this case, the
boundary conditions are as follows:

For x� 0, a, and y� 0; b (Fig. 1),

ut0 � ub0 � vt0 � vb0 � 0; wt � wb � 0; wc0 � 0 (22a)

and

Mt
xx �Mb

xx � 0 for x� 0; a (22b)

Mt
yy �Mb

yy � 0 for y� 0; b (22c)

The displacements can be written in the form

ut0 �
X
m;n

Ut
mn cos

m
x

a
sin
n
y

b
; vt0 �

X
m;n

Vtmn sin
m
x

a
cos

n
y

b

(23a)

ub0 �
X
m;n

Ub
mn cos

m
x

a
sin
n
y

b
; vb0 �

X
m;n

Vbmn sin
m
x

a
cos

n
y

b

(23b)

wt �
X
m;n

Wt
mn sin

m
x

a
sin
n
y

b
;

wb �
X
m;n

Wb
mn sin

m
x

a
sin
n
y

b

(23c)

wc0 �
X
m;n

Wc
mn sin

m
x

a
sin
n
y

b
(23d)

where Ut
mn, V

t
mn, U

b
mn, V

b
mn, W

t
mn, W

b
mn, and W

c
mn are unknown

constants.

Substituting Eq. (23) into Eqs. (19–21) results in F̂ti, F̂
b
i (i� 1, 2,

3), and q�x; y� being expressed in the following form:

F̂ t
1 �

X
m;n

F̂t1mn cos
m
x

a
sin
n
y

b
;

F̂b1 �
X
m;n

F̂b1mn cos
m
x

a
sin
n
y

b

(24a)

F̂ t
2 �

X
m;n

F̂t2mn sin
m
x

a
cos

n
y

b
;

F̂b2 �
X
m;n

F̂b2mn sin
m
x

a
cos

n
y

b

(24b)

F̂ t
3 �

X
m;n

F̂t3mn sin
m
x

a
sin
n
y

b
;

F̂b3 �
X
m;n

F̂b3mn sin
m
x

a
sin
n
y

b

(24c)

q�x; y� �
X
m;n

Q̂mn sin
m
x

a
sin
n
y

b
(24d)

Thus, one can obtain the following set of nonlinear equations in
matrix form:

�mnUmn � Fmn (25)

where the displacement vector Umn is defined as

Umn � �Ut
mn; V

t
mn;W

t
mn;W

c
mn; U

b
mn; V

b
mn;W

b
mn�T

and the loading vector Fmn is defined as

�F̂t1mn; F̂t2mn; F̂t3mn; 0:0; F̂b1mn; F̂b2mn; F̂b3mn�T

The solution in terms of the displacements to Eqs. (25) can be
obtained without much difficulty if the loading coefficients

fF̂tjmn; F̂bjmng (j� 1, 2, 3) are constants. But these loading
coefficients were derived from the expressions (19d–19f) and (21d–
21f), which are nonlinear functions of the displacements. Therefore,
the right-hand side of Eq. (25), Fmn is a nonlinear function of Umn.
However, if the displacements Umn are known with the known

applied loading Q̂mn, making use of Eqs. (23), (19d–19f), and (21d–

21f), one can determine the functions F̂t1, F̂
t
2, F̂

t
3, F̂

b
1 , F̂

b
2 , and F̂

b
3 . The

next approximate values of displacements are found by solving
Eq. (25)with the updated loading vector. This procedure is continued
until a series of approximate solutions for the in-plane and transverse
displacements are determined by thenth iterationwith a convergence
tolerance � applied on the displacements normalized by the total
height of the sandwich section, such that � � 10�5 between two
consecutive solutions.

V. Numerical Results and Discussions

In this section, we shall present the numerical results for several
typical sandwich-plate configurations with orthotropic phases. The
results using the elasticity solution, the classical model, and the first-
order shear model will also be presented. The results from the current
high-order theory will be compared with the results obtained from
these models. It should be noted that a comparison is not made with
the Frostig et al. [6] theory, because this theory was developed for
sandwich beams; that is, it is a one-dimensional theory, unlike the
present theory, which is two-dimensional (for sandwich plates). A
comparison is also not made with the linear core strain theory [5],
because although the basic assumptions of the theory were given in
[5], the explicit equations in terms of displacements were not given
and therefore they were not available for direct application.

Let us assume a loading of the form

q�x; y� � q0 sin

x

a
sin

y

b
; 0 � x � a; 0 � y � b (26a)

applied on the top face sheets of the sandwich plates. FromEq. (24d),
one can obtain the following loading in the transformed space:

Q̂ mn � �m1�n1q0 (26b)

where �mn is the Kronecker delta.
Let us consider a sandwich configuration consisting of

unidirectional graphite/epoxy faces with moduli (in gigapascal) of

Ef1 � 181:0, Ef2 � E
f
3 � 10:3, Gf12 �G

f
31 � 7:17, and Gf23 � 5:96

and Poisson’s ratios of �f12 � �
f
13 � 0:277 and �f32 � 0:400. The core
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is made of hexagonal glass/phenolic honeycomb with moduli (in
gigapascal) of Ec1 � Ec2 � 0:032, Ec3 � Ecz � 0:300, Gc12 � 0:013,
and Gc31 �Gc23 � 0:048 and Poisson’s ratios of �c12 � �c31�
�c32 � 0:25.

The two face sheets are assumed to be identical with a thickness of
f� 2 mm. The core thickness is 2c� 16 mm. The total thickness of
the plate is defined as htot � 2f� 2c. In the following results, the
displacements are normalized with

100htot
q0

Ef1

and the normal stresses with

q0
a2

h2tot

Plotted in Figs. 2 and 3 are the normalized displacements at the top
face sheets as a function of x at y� b=2 for two plates with a�
b� 5htot and 20htot, respectively. Both the classical and first-order
shear (where shear is assumed to be carried exclusively by the core)
seem to be inadequate, the classical theory being too
nonconservative and the first-order shear theory being too
conservative; this demonstrates the need for higher-order theories
in dealing with sandwich structures. The present high-order theory
gives a displacement profile that is practically identical to the
elasticity solution for a� b� 5htot and it is very close to the
elasticity solution for a� b� 20htot.

One may further see that the accuracy of the first-order shear
model and the classical model increases as the plate span increases
from a� b� 5htot to 20htot, in the sense that they get closer to the
elasticity solution. The reason for this observation is that the plate of
a� b� 5htot is a very short/thick plate (it is essentially a three-
dimensional structure, rather than a plate); that is, the shear and
transverse compressibility, as well as their coupling in the sandwich
plate, play a big role in its deformation. Because both the first-order
shear and classical models assume an infinite transverse rigidity, they
can only capture a portion of the total deformation of the plate. But
when the span becomes larger, such as a� b� 20htot, the three-
dimensional effects such as the coupling between shear effects and
core compressibility become less pronounced.

The distribution of the transverse stress in the core, �zz, as a
function of z at x� a=2 and y� b=2 for a sandwich plate of
a� b� 20htot is plotted in Fig. 4, in which only the values using
elasticity and present high-order model are presented, because the
first-order shear model and the classical model consider the core
incompressible. Theminus signmeans that the stress is compressive.
Of interest is the surface at z=c��1, which is the face-sheet/core
interface at the side on which the loading is applied and shows the
highest value of stress. One can see that the nonlinear model gives a
conservative prediction on this peeling stress (the stress that
separates the core and the face along their interface, where a debond
failure often initiates) at z=c��1. It should also be noted that a
linear high-ordermodel [5], whichwould imply a constant transverse
normal strain, would subsequently give a nearly constant normal
stress, and therefore it would not be able to capture the large variation
of normal stress through the core thickness, as observed in Fig. 4.
These observations suggest that using the nonlinear model could
help in the safety design of sandwich structures.

VI. Conclusions

In this paper, a new high-order theory for sandwich plates is
presented and explored in detail. In the derivation of the governing
equations and boundary conditions, both the core compressibility
and the core shear are considered. A procedure to solve the nonlinear
equations is also outlined. Numerical results from this theory are
presented for a typical sandwich-plate configurationwith orthotropic
phases. These results are compared with those obtained using the
elasticity solution, the first-order shear, and the classical models to
justify the merits of current theory. Observations from the current
work suggest following conclusions:

1) In terms of the displacement profile, the current new theory
gives a prediction that is very close to the exact elasticity value.

2) Current new theory gives a very adequate solution to the
distribution of the transverse normal stress in the core of a sandwich
plate.

Fig. 2 Transverse displacement at the top face sheet as a function of x
for y� b=2; case of a� b� 5htot.

Fig. 3 Transverse displacement at the top face sheet as a function of x
for y� b=2; case of a� b� 20htot.

Fig. 4 Through-thickness distribution in the core of the transverse

normal stress �zz at z� a=2 and y� b=2; case of a� b� 20htot.
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Though the transverse normal stress in the core could contribute to
several failure modes, such as debonding at the interface between
faces and the core, local wrinkling, and core crushing, there have not
been plate-theory-based analytical models that could properly
describe this transverse stress profile in the core of a sandwich plate.
Therefore, this new theory could have wide applications in the
investigation of the behavior of sandwich structures.

Appendix A: Classical Sandwich Model
(Without Shear Effects)

In the classical sandwich model, the core is assumed to be
incompressible in the transverse direction, and the transverse
displacements of the face sheets and the core are considered to be the
same. As such, the governing equation for a plate subject to
transverse loading q�x; y� of the top face sheet reads as [1,2,9]

D11

@4w�x; y�
@x4

� 2�D12 � 2D66�
@4w�x; y�
@x2@y2

�D22

@4w�x; y�
@y4

� q�x; y� (A1)

where the stiffness matrix is defined as

Dij � Cij�2fc2 � 2f2c� 2
3
f3� or Dij � 2Cijfc

2 if f� c

(A2)

For a simply supported rectangular plate, the transverse
displacements can be expressed as

w�x; y� �
X
m;n

Wmn sin
m
x

a
sin
n
y

b
(A3)

and the load can be expressed in the same manner as in Eq. (24d).
Substituting the preceding expression into Eq. (A1) leads to

Wmn � Q̂mn

��
D11

�
m


a

�
4

� 2�D12 � 2D66�
�
m


a

�
2
�
n


b

�
2

�D22

�
n


b

�
4
�

(A4)

Appendix B: First-Order Shear Model

If we let �	x be the shear deformation in the x direction and �	y be the
shear deformation in the y direction, then the governing equations
with shear effects can be written as [1,2,9]

D11

@2 �	x
@x2
�D66

@2 �	x
@y2
� �D12 �D66�

@2 �	y
@x@y

� �D55

�
�	x �

@w

@x

�
� 0

(B1a)

�D12 �D66�
@2 �	x
@x@y

�D66

@2 �	y
@x2
�D22

@2 �	y
@y2
� �D44

�
�	y �

@w

@y

�
� 0

(B1b)

�D55

�
@ �	x
@x
� @

2w

@x2

�
� �D44

�
@ �	y
@y
� @

2w

@y2

�
� q�x; y� � 0 (B1c)

where �� 
2=12 or �� 5=6 is the transverse shear factor, the
bending stiffness matrix is defined as in Eq. (A2), and D44, D55 are
the shear stiffness constants, defined as

D44 � 2Gcxzc; D55 � 2Gcyzc (B2)

Notice in the preceding equation that we have assumed that the
shear is carried exclusively by the core. For a simply supported
rectangular plate, the solution to Eqs. (B1) can be set in the following
form:

w�x; y� �
X
m;n

Wmn sin
m
x

a
sin
n
y

b
(B3a)

�	 x�x; y� �
X
m;n

Amn cos
m
x

a
sin
n
y

b
(B3b)

�	 y�x; y� �
X
m;n

Bmn sin
m
x

a
cos

n
y

b
(B3c)

and the load can be expressed in the same manner as in Eq. (24d). If
we set

m �
m


a
; n �

n


b
(B4a)

L11�D11
2
m�D66

2
n��D55; L12��D12�D66�mn (B4b)

L22 �D66
2
m �D22

2
n � �D44; L13 � �D55m (B4c)

L33 � �D55
2
m � �D44

2
n; L23 � �D44n (B4d)

then substituting Eq. (B3) into Eq. (B1) leads to

L11 L12 L13

L12 L22 L23

L13 L23 L33

2
4

3
5 Amn

Bmn
Wmn

2
4

3
5� 0

0

Q̂mn

2
4

3
5 (B5)

which yields the solution

Amm � �L12L23 � L22L13�
Q̂mn

�
(B6a)

Bmn � �L12L23 � L11L23�
Q̂mn

�
(B6b)

Wmn � �L11L22 � L2
12�
Q̂mn

�
(B6c)

where� is the determinant ofmatrix �L�. Note that this shearmodel is
similar to the Timoshenko shear beam model.
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